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Abstract 

The computation of the Brauer group BM of modified supergroup alge- 
bras is perfomed, yielding, in particular, the computation of the Brauer group 
of all finite-dimensional triangular Hopf algebras when the base field is alge- 
braically closed and of characteristic zero. The results are compared with the 
computation of lazy cohomology and with Yinhuo Zhang's exact sequence. 
As an example, we compute explicitely the Brauer group and lazy cohomol- 
ogy for modified supergroup algebras with (extensions of) Weyl groups of 
irreducible root systems as a group datum and their standard representation 
as a representation datum. 



Introduction 

Finite-dimensional triangular Hopf algebras over an algebraically closed base field 
of characteristic zero have been completely described in 1 1 1,| 18|,| 19J. 1.20.1 . They 
can all be reduced, by Drinfeld twists (the construction dual to a cocycle twist), 
to a particular class of pointed Hopf algebras, the so-called modified supergroup 
algebras. Such algebras are directly constructed starting from a finite group G, a 
central involution u of G, and a representation F of G on which u acts as —1. The 
i?-matrix can always be reduced toi?u = i(l(g)l + l(8)u + ti(8)l — ti®n). 

In and Q several group invariants for finite-dimensional Hopf algebras 
have been defined. In particular, the Brauer group BM{k, H, R) of a quasi trian- 
gular Hopf algebra {H, R) has been defined as the Brauer group of the braided 
monoidal category of left ff-modules. It has been shown in [SJ as a consequence 

*2000MSC: 16W30(Primary);16S40; 20C25; 20J06; 20F55(Secondary) 



1 



of results in ll38l that this Brauer group is invariant under Drinfeld twists of {H, R) 
and this fact can be used in order to replace {H, R) with a new pair {H', R') that 
is easier to deal with. In particular, this property has been used to replace the 
i?-matrix R with a simpler one. In the last few years several explicit examples 
have been computed for triangular or quasitriangular Hopf algebras. All of these 
Hopf algebras admitted several distinct quasitriangular structures and most of them 
admitted at least one triangular structure: they were in fact modified supergroup 
algebras. The first explicit computation was performed in 1 39 1 where the Brauer 
group of Sweedler Hopf algebra H/^ is determined when the triangular structure is 
Ru- This computation was generalized to all possible (quasi)triangular structures 
of H^i in 1 8 1. In terms of modified supergroup algebras, corresponds to the data 
G = 1^2 and V its non-trivial irreducible representation. In |^ the computation of 
BM is generalized to the case in which G is the cyclic group {g) of order 2v for 
u an odd integer and V is the irreducible representation on which g again acts as 
— 1. In lirm the first case of a non-abelian group was considered and in flT| the 
case in which G = Z2 and V is given by n-copies of the non-trivial irreducible 
representation of G was treated, for all triangular structures. In all those cases im- 
portant roles were played by the classical Brauer group, by the Brauer- Wall group, 
and by lazy cohomology as defined in f351 (with the name central cohomology) 
and studied in [3 1 and 1 16 1. It is therefore natural to generalize the approach used 
in the aforementioned papers in order to deal with all G and V at the same time, 
for R triangular, obtaining in particular the computation of the Brauer group of 
all finite-dimensional triangular Hopf algebras over an algebraically closed field 
of characteristic zero. This construction should also give an indication on how to 
compute the Brauer group of quasitriangular Hopf algebras admitting also a trian- 
gular structure. 

We list here the content of the paper. First, the case in which y = is dealt 
with. In this case the Brauer group of the group algebra k[G] with i?-matrix Ru is 

• isomorphic to Br{k) x H^{G, k') if u = 1; 

• a central extension of Br{k) by H^{G, k') if u ^ 1 and U = {u) is not a 
direct summand of G. Here, for a group K, the symbol H^{K, k') denotes 
an abelian group coinciding with H^{K, Z;; ) as a set but with a modified 
group structure given in Section lTTI Conditions on or for H^{K, k') to 
be isomorphic to H^{K, k') are given in Proposition 12.31 For instance, the 
two groups coincide when —1 is a square in k. 

• a central extension of Br{k) by Q{k, G), which is itself a central extension 
of H?{G, k' ) by Z2, if n / 1 and U = (n) is a direct summand of G. 
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Thanks to the results in l20ll we obtain: 
Theorem Let (H, R) be a semi-simple and cosemi-simple triangular Hopf algebra 
over k = k with gcd(char(/c), dimi?) = 1. Then 

BMik H R) = [ ^'^ ^2 ifu ^landG^ {u) x G/{u); 

^ ' ' ' \H'^{G,k ) otherwise 

where G, u and V = are the corresponding data for (H, R). 

The more general case in which V Ois dealt with by showing that the Brauer 
group in this case is the direct product of the Brauer group of k[G] and the group 
of G-invariant symmetric bilinear forms on V*. In this case R = Ru with u 1. 
By fT9l Proposition 2.6] we obtain: 

Theorem Let (H, R) be a finite-dimensional triangular Hopf algebra over k = k 
with char(A;) = 0. Then 

( Z2 X H^{G, k) X S'^{V*)^ ifu land G X G/U 
BM{k,H,R) = I 

( H^{G,k-) X S^{V*)^ otherwise 

where G, u, V,U = (u) are the corresponding data for {H, R). 

As in the classical case, a link is expected between a second "cohomology 
group" for the Hopf algebra H and its full Brauer group, that is, the Brauer group 
of the Drinfeld double D{H) of H. It is also expected, and evidence was given 
by all computations made so far, that this cohomology group could be given by 
the second lazy cohomology group H\{H). We adapt the analysis we made for 
the Brauer group in order to compute H'j^{H) for modified supergroup algebras 
and compare it to BM{k,H,Ru). If the representation datum V is trivial then 
H = k[G] and Hl{H) is the usual cohomology in degree two of the group da- 
tum G. If the representation datum V is non-trivial then H^{H) is isomorphic to 
the direct product of S'^{V*)'^ and the second cohomology group of G/U. Thus, 
the linear part of lazy cohomology is a direct summand of BM{k, H, Ru), while 
for the group cohomology component the situation is more involved. This phe- 
nomenon is not completely new because already when H = k[Z2] the cohomology 
of Z2 with trivial coefficients can be seen as a subquotient but not as a subgroup 
of BM{k,H,Ru) = BW{k), the Brauer-Wall group of the base field k. These 
relations however cannot be generalized directly to all finite-dimensional triangu- 
lar Hopf algebras because Hl{H) does not seem to be invariant under Drinfeld 
twists but only under cocycle twists. However, an analysis of the cases in the 
literature where H\{H) has been computed shows that, for instance, for all finite- 
dimensional triangular Hopf algebras H over k = k of characteristic zero, for 
which the G-action is faithful, H'l{H*) is a direct summand of BM {k, H, R). 
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We relate the computation of BM with the exact sequence in ll40l which gen- 
eralizes sequences in fT31 . lITTI . It involves the Brauer group BC{k, H, R) = 
BM{k, H* , i?) of a dual quasitriangular Hopf algebra {H, R) and a group of quan- 
tum commutative biGalois objects. The results contained in this paper should fa- 
cilitate the interpretation of the results in |40| and their comparison should serve 
as an indication for handling the quasitriangular case. 

In order to illustrate the preceding results, we deal explicitely with the case of 
the modified supergroup algebras over C with (an extension of) the Weyl group 
corresponding to an irreducible root system $ as a group datum and its standard 
representation as a representation datum. Here, explicit computations are simpler 
because the representation V of G is faithful and irreducible, the classical Schur 
multiplier of all such groups is known, and, due to the particular presentation of 
G as a Coxeter group, most of the different cases occurring in the general case 
coincide. 

1 Preliminaries 

In this Section we shall introduce the basic notions that we shall use in this paper. 
Unless otherwise stated, H shall denote a finite-dimensional Hopf algebra over the 
base field k with product m, coproduct A(/i) = ® ^(2) and antipode S. 

We shall always assume that gcd(dim H, char(A;)) = 1. Unadorned tensor product 
will be intended to be over k. The symbol u shall always denote a central element 
of a group G for which = 1 and U shall denote the subgroup of G generated by 
u. 

1.1 Modified supergroup algebras 

In this subsection we shall recall the notion of a modified supergroup algebra and 
its importance within the theory of finite-dimensional triangular Hopf algebras. 

Definition 1.1 A finite dimensional triangular Hopf algebra H with R-matrix R 
is called a modified supergroup algebra if there exist: 

• a finite group G, 

• a central element uof G with = 1, 

• a linear representation ofG on a finite-dimensional vector space V on which 
u acts as — 1, 

such that: H = k[G] t< AV as an algebra; the elements in G are grouplike; the 
elements in V are {u, \)-primitive; R = Ru = i^i^ ® f + ^ ^ u + u ® \ — u ® u). 
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This name is motivated by the fact that such an Hopf algebra is obtained from a 
cocommutative Hopf superalgebra through a suitable modification (see QUI where 
it is called bozonisation, or 1 18 1, 1 19 1) and by the description, in fTP. Theorem 3.3], 
of all finite-dimensional cocommutative Hopf superalgebras over C. 

Modified supergroup algebras are the model for finite-dimensional triangular 
Hopf algebras, at least over "good fields". 

Theorem 1.2 (S7\ Theorem 5.1.1], H20\ Theorem 4.3]) Every finite-dimensional 
triangular Hopf algebra over an algebraically closed field of characteristic zero is 
the Drinfeld twist of a modified supergroup algebra. 

For the well-known notion of a Drinfeld twist the reader is referred to Q 
Section 2.4]. If H satisfies the conditions of Theorem 11.21 then it is the twist of 
k[G] X AV for some G with central u, such that = 1 and for some represen- 
tation V on which V acts as —1. We shall call G the group datum and V the 
representation datum corresponding to H. 

Example 1.3 If G = Z2 then k[G] x is isomorphic to the Hopf algebra usually 
denoted by E{n) with n = dim(y). We recall that E{n) is generated by c and 
Xi for i = 1, . . . , n with relations = 1, cxi + XjC = 0, XiXj + XjXi = 
0, Vi = 1, • • • , n, coproduct A(c) = a ® a, A(xj) = 1 Xj + c and 
antipode S{c) = c, S{xj) = cxj. We shall use the isomorphism given by c 1— n 
and Xi I— > uvi, where vi, . . . , w„ is a basis of V. It is well-known that E{n) has 
a family of triangular i?-matrices parametrized by S'^{V*), that is, by symmetric 
n X n matrices with coefficients in k (see |11 Proposition 2.1] and (3T\). The 
family is given as follows. For the symmetric matrix A = (aij) and for the s- 
tuples P, F of increasing elements in {1, ... , n} we define \P\ = \F\ = s and vp 
as the product of the Vj's whose index belongs to P, taken in increasing order. A 
map T] from the elements of the s-uple P to the elements of the s-uple F determines 
an element of the symmetric group Ss which we identify with -q. We denote then 
by sign{r]) the sign of 77. If P is empty, i.e., if s = we take F to be empty and 
rj to have sign equal to 1. Finally ap^(^p-^ denotes the product j^^^^ ■ • • Op^j^f^j- 
If P is empty we define ap,,;(F) := 1- Then the i?-matrix corresponding to A is 

i?A = -2^(-l) 2 2^ sign{ri)ap^^(p){vp(^vp 

P F,\F\ = \Plr)&S\p\ 

+UVp ® Vp + ( — l)'"^'up ® UVp — ( — l)'"^'tlp (g) UVp). 

It is also well-known that there exists a Hopf algebra isomorphism cj): E{n) 
£'(n)* given by (/)(!) =e,(t){vj) = v* - {uv j)* and <p{u) = 1* -n*. This is not the 
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case for a general modified supergroup algebra. By self-duality, E{n) has a family 
of dual triangular structures parametrized by symmetric matrices. The family is 
given by: 

rA = ' Yl sign{rOap^r,(F){{vpT (S){vfT 

P F,|F| = |P|,»?GS|p| 

+(^;p)* «) {uvfT + (-l)l^l(ut'p)* ® {vp)* - (-l)l^l(™p)* ® {uvp)*). 

The pair {E{n), Ra) is twist equivalent to the pair {E{n),Ro) = {E{n),Ru) for 
every A. 

1.2 The Brauer group BM{k, H, R) 

In this Section we shall recall the construction of the Brauer group of the category 
H-M of left modules for a quasitriangular Hopf algebra (see |6l, l34l . l38l for 

further details). Let {H, R) be a finite-dimensional quasitriangular Hopf algebra 
over the base field k. Let us write -R = (E> R{2)- We recall that hM. is a 

braided monoidal category with braiding given, for all ff-modules M, and for 
allm G M and n G A^, by 

ipMN : M ® N ^ N ® M, 1710 ^(^{2) ' ® (^(i) ' "i) 

for all m G M, n G N. 

Given two //-module algebras A and B their braided product A^B is the H- 
module algebra with A i? as underlying i?-module and multiplication given by 

(aJjx)(6tJy) = ail^BAix ®h)y = ^ a(-R(2) • ^)tl(^(i) • x)y, 

for all a,b £ A,x,y £ B. Given a iZ-module algebra A its i7-opposite algebra A 
is the ff-module algebra equal to A as an iZ-module and with multiplication given 
by ab = mAi^AAia CS> 6) = J2{R(2) ' " «) for a,b £ A. 

The endomorphism algebra End(M) of a finite-dimensional iZ-module M is 
an i^-module algebra with action 

{h ■ f){m) = V) • fiSih2)) ■ m). (1.1) 

Its opposite algebra End(M)°^ is also a left //-module algebra once it is equipped 
with the //-action: 

(/i./)(m) = ^/i(2)-/(5-i(/i(i))-m). 
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The following two maps are i7-module algebra maps: 

Fi : AiA ^ End(A), Fi{a§){c) = Ea(^{2) • c)(i?(i) • 6), 
F2 : MA ^ End(^)°P, F2(att6)(c) = • «)(«(i) ' c)b. 

We shall say that a finite-dimensional i/-module algebra yl is i/-Azumaya (or 
(if, i?)-Azumaya if more ii-matrices are involved) if Fi and F2 are isomorphisms. 

The set of isomorphism classes of //-Azumaya algebras is equipped with the 
equivalence relation: "A ~ i3 if there exist finite dimensional i7-modules M, N 
such that ^tjEnd(M) = 5jiEnd(iV) as i?-module algebras". The quotient set 
BM{k, H, R) inherits a natural group structure where the multiplication is in- 
duced by [j, the inverse of a class represented by A is represented by A and the 
neutral element is represented by End(M) for a finite dimensional i?-module M. 
If {H, R) is triangular then BM{k, H, R) is abelian. 

The Brauer group BM {k, H, R) embeds naturally into BM {k, D{H) , 11), that 
is, into the Brauer group of the Drinfeld double of H. This group is also called the 
full Brauer group of H and it is usually denoted by BQ{k, H). 

For a dual quasitriangular Hopf algebra {H' , r) we can perform the construc- 
tion dual to the construction of BM obtaining the Brauer group BC{k, H', r) of 
the category M.^ of right ff-comodules. In particular, if {H, R) is a quasitriangu- 
lar Hopf algebra then BM{k, H, R) ^ BC{k, H*,R). 

We shall often make use of the following result, which is a consequence of the 
functoriahty of the Brauer group (see l34l . 1381 ): 

Theorem 1.4 ([8 Dual of Proposition 3.1]) The Brauer group BM{k, H, R) is 
invariant under Drinfeld twists of (H, R). 

We end this Section recalling a few notions on the second lazy cohomology 
group of a Hopf algebra, as defined in |35 1 and studied in |3| and 1 16|. 

We recall that a left 2-cocycle for a Hopf algebra His a normalized convolution 
invertible element a in {H (g) H)* such that 

^cj(a(i),6(i))o-(a(2)6(2),c) = ^ o-(6(i), C(i))o-(a, 6(2)C(2)) 

for every a,b,c € H and that a right 2-cocycle is a normalized convolution invert- 
ible element in {H ^ H)* such that 

^C7(a(i)6(i),c)cj(a(2),6(2)) = J]] cr(a, 6(i)C(i))o-(6(2), C(2)) 
for every a,b,c ^ H. A lazy cocycle is a left 2-cocycle such that 
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for every a,b H. 

It is not hard to verify that lazy cocycles are also right cocycles and that the set 
of lazy cocycles forms a group under convolution which we shall denote by Zj^{H) 
(Id Page 227], 1 3 Lemma 1.2]). 

A left 2-cocycle a in {H H)* is called a left coboundary if 

a{a,b) = d{-f){a,b) = J]] 7(«(i))7(&(i))7"^(a(2)^(2)) 

for some convolution invertible 7 € H*. The set of left coboundaries will be 
denoted by B^{H). Similarly, a right cocycle uj is called a right coboundary if 

u;(a,6) = J]]7(a(i)^i))7"^(«(2))7~^(^(2)) 

for some invertible 7 G H* . If 7 is lazy, that is, if 7 is central in H* , then we 
shall say that a = 9(7) is a lazy coboundary. The set of lazy coboundaries forms 
a central subgroup of Z'j^{H) which we shall denote by B\{H). The factor group 
Zl{H)/ B\ (H) is called the second lazy cohomology group of H and it is denoted 
hyHliH). 

One should observe that B'^{H) n Zl{H) ^ Bl{H) in general. The factor 
group B'^{H) n Z'l{H) / B1{H) shall play a role in the following sections. 

A Hopf algebra automorphism ip is called coinner if it is of the form ilj{a) = 
ad(7) := X^7~^(a(i))a(2)7(o(3)) for some grouplike element 7 G H*. The group 
of coinner automorphism of H is denoted by CoInn(i7). 

A Hopf algebra automorphism ifj is called cointemal if it is of the form '4){a) = 
ad(7) := ^ 7^^(a(i))a(2)7(o(3)) for some convolution invertible element 7 € 
H* . The group of cointernal automorphism of H is denoted by Colnt(ff). It is 
proved in |3 , Lemma 1.11] that ad(7) is a Hopf algebra automorphism if and only 
ifd{^)eZl{H). 

Lemma 1.5 The groups B^{H) n Zl{H)/Bl{H) and CoInt(F)/CoInn(F) are 
isomorphic. 

Proof: The proof follows from the proof of f^. Lemma 1.12]. Indeed, the assign- 
ment 9(7) 1-^ ad(7) o CoInn(i/) is a well-defined surjective group morphism 
B'^{H) n Zl{H) CoInt(F)/CoInn(F). Its kernel consists of those 5(7) for 
which 7 = 7i * 72 with 71 a lazy cochain and 72 an algebra morphism H k. In 
other words, the kernel is B\{H). □ 

We shall denote the quotient CoInt(F)/CoInn(i7) by K{H). The following 
Lemma describes K{H) when H is a. modified supergroup algebra. 
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Lemma 1.6 Let H be the modified supergroup algebra corresponding to the group 
G, the representation V ^ 0, and the central element u. Then CoInt(i7) = Z2, its 
non-trivial element is conjugation by u and K{H) = 1 if and only if there exists a 
morphism x'-G ^ k' with xiu) = —1. 

Proof: Let ad(7) € Colnt(ii') with 7(1) = 1. Then ad(7)(g') = g for every 
g ^ G. Besides, ad{'y){gh) = ga.d{'j){h) and ad{'y){h)g = ad{'j){hg) for 
every h ^ H and every g ^ G. When g = u this implies that the Z2-grading 
induced by conjugation by u must be preserved by ad(7). Therefore, since for 
every v V we have ad(7) (v) = j^^{u)^{v) (u — 1) + 'y^^{u)v, we necessarily 
have j~^{u)j{v){u — 1) = so 7(1;) = and ad{'y){v) = vj^^{u) for every v. 
Similarly, ad{'y){uv) = j{uv){l — u) + ^{u)uv must be odd whence ^{uv) = 
and ad(7)(ut;) = uv'^{u). On the other hand, ad(7)(nt>) = Mad(7)(t') implies 
that 7(ii) = T] with r/ G {±1} and necessarily ad(7)(gt;i • • • v„) = rj'^gvi ■ ■ - Vn, 
that is, Colnt{H) C {id, conjugation by u}. If we choose representatives g for 
the classes of G/U with 1 representing U we can define j{g) = 1, ^{ug) = 
— 1, and 7(/i) = if /i ^ k[G]. Then, conjugation by u is indeed ad(7) so that 
CoInt(i7) = Z2 and we have the first statement. Besides, K{H) is trivial if 
and only if conjugation by u is ad(x) for some algebra morphism x'-H — > k. 
This happens if and only if there exists an algebra morphism x'- H ^ k with 
X{u) = -1. □ 



2 The Brauer group BM{k, k[G], Ru) 

Let {H, R) be a finite dimensional semisimple co-semisimple triangular Hopf al- 
gebra. By 1 18 1 if is algebraically closed {H, R) is twist equivalent to Ru) 
for some finite group G and some central element u ^ G with = 1. For this 
reason, we shall devote this Section to the computation of BM{k, k[G], Ru)- 

Ifn = l,theni?„ = l«)lsoby [29 Theorem 1.12] we have: BM{k,k[G],l(^ 
1) ^ Br{k) X H'^{G, /c ). If u / 1 the role of H'^{G, k') will be played by the 
group which is the subject of next subsection. 

2.1 The group H^{G,t) 

For a finite group K let Z'^{K, k') (resp. B'^{K, k'), resp. H'^{K, k')) denote the 
group of 2-cocycles of K (resp. the group of 2 coboundaries of K, resp. the second 
cohomology group of K with trivial coefficients). 

For any pair of finite groups L and K, let P{L, K; k ) be the group of pairings 
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of L and K ink' , i.e., the group of maps (3: L x K ^ k' such that 



[3{ah, c) = (3{a, c)P{b, c) and /3(a, cd) = [5{a, c)/3{a, d) 



(2.1) 



for every a,b ^ L and every c,d G K. It is well-known that P{L, K; k) = 
Hom(iv:,Hom(L,fe )) ^ Hom(L, Hom(K, A;')). 

Let G, tt 7^ 1, ?7 be as in the previous section. The assignment 0: Z'^{G, k') — > 
P{G,U;k') defined by 9{a){g,u^) = a{g,u^)a~^{u^ , g) for every g G G and 
t G {0, 1}, is a group morphism inducing a group morphism 

9: H'^{G, k) Hom(G, Hom(Z2, k)) ^ Hom(G, Z2) 

(see |24J Lemma 2.2.6]). Hence, each cohomology class a of G determines a Z2- 
grading on k[G]: the element g is even if 9{a){g, u) = 1 and odd if 9{a){g, u) = 
—1. For all such gradings u is always even. By ( 12.11 ) with b = , c = u"^ we also 
see that the image of 6* lies in P{G/U, U;k )^ Hom(G/C/, Z2). 

We shall denote by \g\(^ the degree induced by a of the element g, with values 
in {0, 1}. We point out that for a,io G Z^{G, k' ) we have 

= 9{a*u;)ig,u) = 9{a)ig,u)9{u;){g,u) = (-I)l9k+M-. (2.2) 

Let Reg^{G, k') denote the group of 2-cochains on G. 

Proposition 2.1 The assignment {G , k' ) x Z'^{G,k') Reg'^{G,k') given 
by {a]\Lo){g,h) := (o- * w)(5r, /or every o", G Z'^{G,k') and ev- 
ery g,h G G, endows Z'^(G, k') of a group structure inducing an abelian group 
structure on H^(G, k' ). 

Proof: Let u, a; G Z'^{G, k'). Then {cr^oj) is a 2-cocycle if and only if 



for every g^h^l G G. The above equality holds because [.|^; and are Z2- 
gradings, hence (J defines an operation on Z'^{G, k'). 

Let a,io, P G Z'^{G, k'). Then, for every g, h £ G we have: 



(2.3) 



{{a * uj) * P){g, /i)(-l)l9l-l'»l-+l9l--l'^l/3 

((o- *{UJ* P)){g, h){-l)\9\-W'-+\9\''Wp+\9\u>\h\p 

MM/3))(5,M 



so [J is associative. 
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The trivial cocycle e x e induces the trivial grading on k[G]. Hence, 
((TtJ(e X e)) = {a * (e X e)) = a = ((e x e) * a) = {{e x e)JJ(j) 

and e X £ is a neutral element for A; ), jj). 

Let a € Z'^{G,k'). Then the map a':G x G k defined by a'{g,h) := 
a~'^{g,h){-l)^9\T\h\a lies Z'^{G,k ) because (l23l holds when cr = a; and be- 
cause a^^ is a 2-cocycle. Since Im{9) C Hom(G, Z2) we have \g\f^ = \g\^~iso 
a^a' = a'^a = e x e and {Z'^{G, k'),^) is a group. 

The coboundaries induce the trivial grading because u is central, hence the 
product of an element in Z'^{G, k') with an element in B^{G, k') coincides with 
the usual product. Therefore, B^{G, A; ) is a central subgroup of {Z'^{G, fe ), ji) and 
H^{G, k') inherits the group structure jj. 

Let now cr, a' € Z'^{G, k'). Then a priori a'^a' ^ cr'^cr. However, if we define 
7:G ^ A;- by 7(5) = (-l)l9l-l9U' then 7(5)7(/i)7-i (5/1) = {-l)\9\-\^\.'+\9\.'\h\. 
so crtju' is cohomologous to fj'Hcr and {H'^{G, A; ), ji) is abelian. □ 

From now on we shall denote the group {H'^{G, k'), ji) by H'^{G, k'). 

Example 2.2 Let G = Z2 x Z2 with generators x = n and y. Then H'^{G, k') = 
k' /{k')^ X k' /{k')"^ X Z2. Here, the first (respectively, second) copy of k' /{k'Y is 
represented by cocycles aa (respectively Ua) such that <Ta(x, x) = a (respectively 
^a{y,y) = a) and trivial elsewhere, for every a G k'. The non-trivial class of 
the copy of Z2 is represented by the cocycle A(x*y'*, x'y™) = (—1)*™. Then aa 
and LOa induce the trivial grading for every a while A induces a grading for which 
X is even and y is odd. Then, (AjiA)(x*2/'*, x'y™) = (— 1)*"* so Aj^A = If 
— 1 is a square in k then H'^{G, k') = H^{G, k'). If —1 is not a square in k then 
H^{G, k') ^ H^{G, k') because there exists an element in H^{G, k') whose order 
is dfferent from 2. We shall see that this example is indeed a key example, in order 
to see whether the two group structures on the cohomology groups are isomorphic. 

Next we shall investigate some properties of H^{G, k') that will be needed in 
the sequel. Let vr: G ^ G/U be the natural projection. We recall that composition 
with TT X vr induces the inflation morphism Infl: H'^{G/U, k') H'^{G, k'). The 
image of Infl consists of cohomology classes that can be represented by doubly 
[/-invariant cocycles. Composition with vr x vr induces also an inflation morphism 
H^{G/U, k) H^{G, k), which we again shall denote by Infl, because doubly 
U -invariant cocycles induce a trivial grading. The kernel and the image of Infl 
coincide respectively with the kernel and the image of the classical inflation map. 
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The classical Hochschild-Serre exact sequence reads: 

1 — >Uom{G/U,k) }iom{G,k) 

Rom{U,k) H\G/U,k-) H^{G,k). 

Here Res denotes the usual restriction and T: Hom(C/, k') — > H'^{G/U, k') is the 
transgression morphism defined as follows: if (/) is a section G/U —^G then 
T{f){g,h) = f{(p{gU)(t>{hU)(t>~^{ghU)) for every / G Hom(C/,A;-) and every 
g,h G G. It follows that Infl is injective if and only if T is trivial if and only 
if Im(Res) = Hom(?7, A; ) = Z2 if and only if there exists a group moiphism 
X'-G k' such that xi^) = —1- Thus, the same statement holds for H^{G, k'). 
We recall that by ll24l Theorem 2.2.7], there exists an exact sequence 

H\G/U,k-) H\G,k) H^{U,k) xRom{G/U,Z2) (2-4) 

where res is the morphism induced by restriction on cocycles. 

If G = U X G/U then Infl is injective and res x is surjective and split, hence 

H^{G,k ) ^ H^{U,k-) X H^{G/U,k-) x Hom(G/C/, Z2). (2.5) 

Thus, as a set, Hf{G, k ) ^ H'^{U, k) x H^{G/U, k ) x Hom(G/C/, Z2). Besides, 
an analysis of the embedding of H'^{G/U, k) x H'^{U,k) shows that this is a 
central subgroup of H^{G, k). In particular, the product on H^{G, k) is given by 
the rule: 

(ov, xWW, WIJu, xO = {cru*i^u, (^G/U^^G/U * Cx,x'' XXO (2-6) 

wherec;^,x'(5^'^^) (-l)^(3)x'W. 

If G ^ [/ X G/U sequence ( 12.41) still yields an exact sequence for H^{G, k ): 

1 ^Hom(C/,A;-) H^{G/U,k) 

H^{G,k) H^{U,k) X Hom(G/[/,Z2). 

Let us also observe that in this case Hom(G/[/, Z2) = Hom(G, Z2) since there is 
no group morphism G —> Z2 = U taking value — 1 on n. 

The following Proposition lists some conditions on or on G ensuring that 
H^{G, k) = H^{G, k). This allows the reader to compare the results contained 
in Section l2!2l with those in llT4l and lITSl . By construction, symmetric cocycles 
induce the trivial grading so Ext(G, k) can be seen as a subgroup of H^{G, k). 
In particular, if G is cyclic, H^{G,k) = H^{G,k). We shall consider some 
further cases. 
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Proposition 2.3 Let G,u, and k be as before. Then H^{G, k') = H^{G, k') in the 
following cases: 

1. —lis a square in k; 

2. G is nilpotent, its 2-Sylow S2 is abelian and u is contained in a direct product 
of cyclic 2-groups none of which is Z2; 

3. G is nilpotent, its 2-Sylow S2 is abelian and S2 — Y\i '^Ui with rii = 2^^ and 
a > 2 for i > 2. 

Proof: Let t{k') denote the torsion part of k'. By \24. Lemma 2.3.19, Theo- 
rem 2.3.21] we have H^{G,k ) ^ H'^{G,t{k )) x H'^{G,k- /t{k )) where all 
classes in the second summand can be represented by symmetric cocycles. Hence, 
H'^{G,k' /t{k')) is a subgroup of H^{G,k') and for all its elements a and ev- 
ery element Zo G H^{G, k') we have a^uj = a * uj. Moreover, for every pair of 
cocycles u> and a in Z'^{G,t{k')), their product fjjjw and their inverses still take 
values in t{k-), so H'^{G,t{k)) is a subgroup of Hf{G,k ) and Hf{G,k ) ^ 
Hf{G,t{k-)) X H^{G,k /t{k )). 

Let us assume that —1 = for some £ k. For every morphism x- G/U —>■ 
Z2 we define fi: k[G] — > k' by 



and we put = if x{g) = 1 and \g\y, = 1 if x{g) = —1- Then we have: 



Thus, for every cocycle a, the products a\la and cj*cr are cohomologous. It follows 
that, for every class a, the order of a is the same in H^{G, k') and in H^{G, k'). 
Since H^{G, t{k')) is a finite abelian group of the same order as H^{G, t{k')) and 
since for every m the number of elements of order m in both groups coincide, we 
have the statement in case 1. 

Let us now assume that G = Y[p Sp is the direct product of its Sylow sub- 
groups. By fW Corollary 2.3.15], H^{G,k ) ^ Up H^iSp, k). The cocycle 
a representing an element in H'^{Sp, k') with p odd induces a trivial grading so 




d{fi){g,h) 



(\9\xC\h\x{^Q-'^)\9h\x 



/ 1 if Xig) = 1 or x{h) = 1 
U' ifx(5)=x(/i) = -l 

(_1)X(9)XW, 
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crjjo; = a *uj for every lo € Z'^{G, k'). Besides, the [j-product of two cocycles rep- 
resenting elements in H'^{S2, k') is represented by a 2-cocycle on 5*2 x 5*2 because 
9{a){h, u) = 1 for every h e Ylp:j^2 ^p- Therefore, we have a group isomorphism 

HfiG,k)^H^{S2,k-) xllH\Sp,k) 

and it is enough to show that H'^{S2, k') = H^{S2, k'). Let us assume that we 
are not in case 1 and that 52 is abelian, so that S2 = Hj ^iffci rij = and 
Ci < Cj+i. Then l24l Theorem 2.3.13] implies that 

(52, A;- ) = n ^ vc^' X n ' ; ^' ) ■ 

The elements in k' jik'Y'i are represented by symmetric cocycles for every j, 
hence these groups are also subgroups of H^{S2,k'). Since —1 is not a square 
PiZn„Zny,k-) ^ Hom(Z„,,Hom(Z„^.,Z2)) ^ Hom(Z„^,Z2) ^ Z2. If we put 
Z„. = {vi) for every i, the non-trivial element in P{Zn^ , Z„ ; A;' ) is represented by 
/3ij{vf,Vj) = (—1)**. The corresponding cohomology class is represented by the 

cocycle aij on x such that aij{v'^Vj, vlvj) = (3ij{vf,v^) and trivial on the 
remaining summands. Let us determine 0{cjij). The element u can be written as 
Yit Vt with It € {0, 2^^^^}. For every g = ■ ■ ■ we have 

If u is as in case 2 or if no summand isomorphic to Z2 occurs in S2 then It is even 
for every t, the grading is always trivial and we have the statement. 

Let us then assume that ei = 1, h = 1 and that there is one summand isomor- 
phic to Z2 in 52. Then ajk^ars = cTjk * (^rs if r, s,j, k ^ I while we have 

Thus, for j <twe have ((Xij jjcrit) = {aij * ait) * cjt where 

When j 7^ t, the cocycle cjt is ajt introduced before. If j = t and nj = with 
ej > 2 then Cjj is a coboundary. Indeed, the cochain /u given by 

m 
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is well-defined on S2 and cjj = d{p). It follows that the set Wi^j P{1in^,1inp k') 
forms a subgroup of H^{S2, k') whose elements have all order < 2. Hence, it must 
be isomorphic to Wi^j Pi'^m^'^nj ] k ) with the usual product. Thus, H^{S2, k') = 
W- k' I (A; )"j X ^2 and we have the statement in case 3. □ 

Corollary 2.4 If k = k then HfiG^k-) ^ H^{G,k). □ 

2.2 The computation of BM{k, k[G] , Ry) 

In this Section we shall compute BM {k, k[G],Ru) when u ^ 1. 

The pull-back along the embedding i: A;[C/] — > k[G] induces a group mor- 
phhm i*:BM{k,k[G],Ru) BM{k, k[U], Ru) = BW{k). As a set, BW{k) ^ 
Br{k) X k /{k')"^ X Z2. The elements of Br{k) are represented by central simple 
algebras with trivial Z2-grading. The non-trivial element of Z2 is represented by 
the algebra C(l) generated by the odd element x with relation = 1. The el- 
ements of k /{k)"^ are represented by algebras C(l)tjC(— a) with a G k /{k')"^, 
where G{—a) is generated by the odd element y with the relation = —a and 
with jj as in Section [O] More precisely, to the class of a Z2-graded central simple 
algebra A one associates: ([yl], 1,0) if its odd part Ai = 0; ([A], /(u)^, 0) if A is 
central simple and /: k[U] — > A is the map realizing the Z2-action; ([AqIj ^(^)) 1) 
if A is not central simple, Aq is its even part, 5{A) = where z G Z{A), z ^ k 
and z'^ G k ( 11281 Theorem V.3.10]). Let us analyze the image of i*. 

Lemma 2.5 The following assertions are equivalent: 

1. The morphism i* is surjective; 

2. The subgroup U is a direct summand of G; 

3. The morphism i* is surjective and split. 

Proof: If i* is surjective then [C(l)] lies in the image of i* , that is, there exists 
a A; [G] -module algebra A which is Z2-graded central simple and isomorphic, as a 
A;[C/]-module algebra, to C(l)tjEnd(P) for some A;[C/]-module P, with [/-action on 
End(P) induced by the [/-action on P as in (ll.lt . Since the [/-action on End(P) 
is strongly inner, C(l)tiEnd(P) = C(l) (g) End(P) as a A;[[/]-module algebra. 
An isomorphism is given by a^F 1-^ a (g) f{u)^"'^F if / is the algebra morphism 
k[U] End(P) realizing the [/-action (|28 Theorem IV.2.7]). The centre of A 
is a A;[G]-submodule algebra. Indeed, if 2; € Z{A) then for every y £ A and every 

geG 

{9-z)y = {g.z){g.g-^ .y) = g.{z{g-^.y)) = g.{{g-^.y)z) = y{g.z). 



15 



Besides, Z{A) is isomorphic to C(l) as a fc[C/] -module algebra because A = 
C(l) (8)End(P) as an algebra. Thus, if i* is surjective then we can lift the [/-action 
on C(l) to a G-action. If this is possible, for every g G G we have g.x = QgX + bg 
for some scalars ag,hg and ug.x = gu.x = —g.x implies that 6^ = for ev- 
ery g. In this case, g.x = x{9)x for some algebra morphism x- ^[C] k with 
x{u) = —1- Besides, since = 1, the A;[G]-module algebra condition for g.x"^ 
implies that xid)"^ = 1- Hence if i* is surjective there exists a group morphism 
X:G ^Z2 = {±1} with x{u) = -1- Then G^U x G/U so 1 implies 2. 

If 2 holds, the pull-back along the projection map G U induces a group 
morphism splitting i* at the Brauer group level, so 2 implies 1 and 3. □ 

Remark 2.6 Let us observe that the proof of Lemma l2.5l shows also that [(7(0)] G 
Im{i*) if and only if [/ is a direct summand of G. 

Let us denote by ices: H'^{G,k') — > H'^{U,k') = k' /{k'Y the morphism in- 
duced by the restriction map. We recall that BW{k) is a central extension of 
Br{k) by a group Q{k) which is k' /{k')"^ x Z2 as a set, with multiplication rule 
(a,(-l)^)(/3,(-l)^) = {a^i-lff ,{-lY^f) withe, / G {±1}. In particular, 
the central extension of Br{k) by res{H'^{G, k')) is a subgroup of BW{k), which 
we shall denote by Br{k) * ies{H'^{G, k')). 

Proposition 2.7 If U is not a direct summand of G the image of the map i* is 

Br{k)*Tes{H^{G,k-)). 

Proof: Any central simple algebra B with trivial G-action represents an element 
[B] in BM{k, k[G], Ru) whose image under i* is exactly [B] G Br{k). Hence 
Br{k) lies in the image of i* . It follows from the proof of Lemma l23] and Remark 
I2.6l that if U is not a direct summand of G, the classes [G(l)] and [G(a)] do not lie 
in Im(i*). The proof of the proposition follows from the knowledge of the multi- 
phcation rules in BW{k) (EH Theorem V.3.9]) if we show that [G(l)tlG(-a)] G 
Im(z*) if and only if a G Im(res) C k' / {k')'^. 

Let [G(l)(jG(-Q)] G Im(i*). Then for some A;[G]-module algebra B which is 
Z2-graded central simple, B = G(l)ttG(-a)JjEnd(P) as k[U]-module algebras. 
As above, B = (G(l)tjG(-a)) ® End(P), so B is central simple (and in fact, a 
matrix algebra). Then the A; [G] -action on B is necessarily inner and if /: A;[G] B 
is the map realizing the action, f{g)f{h) = f{gh)c{g, h) for some 2-cocycle c for 
G. The restriction of c to [/ x [/ is determined by c{u, u) = (3. It is not hard 
to see that the (cohomology) class of res(c) does not depend on the choice of the 
representative of [G{l)^C{-a)] G BW{k). Let us choose then G(l)tiG(-a). 
The element realizing, by conjugation, the u-action on G(l)tjG(— a) is where 
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x'^ = 1 and = —a are odd generators of C(l) and C{—a), respectively. Then 
(xfly)^ = a is in the same class modulo {k')^ as (3. Therefore, if [C(l)[jC(— a)] € 
lm{i*) then a = res(c)(u, u) mod(A;')^ for some c € Z'^{G, k'). 

Conversely, let a G k' /{k'Y lie in the image of res. Then there exists a 2- 
cocycle c such that c(u, n) = a. We may construct as in 1^ Page 567] the k[G]- 
module algebra A'^ with underlying algebra End(A;[G]). We recall that the G- 
action on F G is given by g.F = c~^{g~^,g)fg o F o f^-i where fg{h) = 
c{g, h)gh. If we prove that A'^ is i?„-Azumaya, then corresponds to the 

triple ([A:],^(^,0) i.e.,r([A^]) = [C{l)^C{-a)]. 

The algebra A^ will be i?u-Azumaya if and only if it is Z2 -graded central sim- 
ple. This happens if and only if its Z2-graded centre is trivial because A'^ is simple. 
The u-action on is given by:(n.F) := -^^fu o F o /„. 

Let //: G/U ^ G be a section for G G/U, with ijl{U) = u. A basis for the 
even part A^ of A'^ is given by the elements 

Fg,h ■.= h®g* + ^^P^hu ® (gu)* 

for (7 G G and h G fi{G/U). A basis for the odd part A^ of A'^ is given by the 
elements 

c{u, h) 
c{u,g)' 

for 5 G G and h G fJ-{G/U). 

Let z be an element of the graded centre, with homogeneous summands zq = 
Eg,h (^ghFgh and zi = ^ hghLgh. 

Commutation of zq with Fr^s evaluated in r G ijl{G/U) shows that agh = 
unless h G {<?, gu} and that 

arr = ass and "''"'^ , = . Vr, s G n{G/U) 

c(u,su) c[u,ru) 

so zo = a„,Jd + ai^uJ2ge,j.(G/U) '^('^^ 9u)Fgu,g- For r, s G li{G/U) we have 
= zoLrs — ^rs^o = 2ai^uc(M, s)su, hence zq is a multiple of the identity. Com- 
mutation of zi with Ff. s shows that bgh = unless g G {/i, u/i}, that hss = Kr and 
that bsu,s = — 6rn,r ■ Commutation of zi with Frn,s shows that bss = —h^r 
and that hsu,s = Wu,r ■ Thus, zi = and we have the statement. □ 

Proposition 2.8 If G ^ G/U x U each element in BM{k,k[G],R u) can be 
represented by a central simple algebra. If G = U x G/U each element in 
BM{k,k[G],R u) can be represented by a product of the form B'^GiV)"' with B 
central simple and a = 0, 1. In particular, the elements that can be represented by 
central simple algebras form a subgroup of BM{k, k[G], Ru)- 



Lg,h ■.= h®g* - J^ hu {guf 
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Proof: Let [M] be an element in B M {k, k[G], Ru)- The braiding induced by Ru 
shows that an algebra is {k[G], i?M)-Azumaya if and only if it is Z2-graded central 
simple. If U is not a direct summand of G then i*{[M]) = [A^C{l)^C{-a)] in 
BW{k) for some central simple algebra A with trivial action and for some scalar 
a. Thus, for some A; [[/] -module P we have -module algebra isomorphisms 

M ^ End(P)ti^tJC7(l)ttC(-a) 
^ End(P) ® (^ttC(l)tJC(-a)) 
^ End(P) ® A (g) (C(l)ttC(-a)) 

so M is central simple. 

If [/ is a direct summand of G then i*([M]) = [y4t]C(l)tjC(-a)t|C(l)"] in 
i?W^(A;) for some central simple algebra A with trivial action, some scalar a and 
some a G {0, 1}. Thus, for some A;[[/]-module P we have k[U]-module algebra 
isomorphisms 

M ^ End(P)tt^tJC(l)tJC(-Q)tJC(l)'^ 

^ (End(P) ® A (C(l)ttC(-Q)))ttC(l)'^ 

so M is of the required form. The elements represented by a central simple algebra 
are those with a = 0. They form a subgroup, namely the preimage of the subgroup 
of BW{k) consisting of triples ([^4], a, 0) (for the multiplication rules in BW{k), 
see i28j Theorem V.3.9(2)]). □ 

We are ready to state the main results of this Section. 

Theorem 2.9 IfG^ G/U x U there is a short exact sequence 

1 — > Br{k) — > BM{k, k[G],Ru) — > H^{G, k) — > I. 

If — 1 is a square in k then H^(G, k' ) can be replaced by H^{G, k' ). 

Proof: By Proposition 12. 81 each element in BM{k, k[G], Ru) can be represented 
by a central simple algebra B. The action of G is inner and if /: A;[G] —>■ i? is a 
convolution invertible map for which g.b = f{g)bf{g)~^ then any other such map 
is of the form / * 7 with 7 a convolution invertible map k[G] —>■ k. Therefore the 
subalgebra generated by f{g) for all g G G is well-defined and since B is central, 
f{9)f{^) = f{g^)c{g, h) for some c S Z'^{G, k'). A different choice of the map 
/ would yield a cohomologous cocycle, so we may associate a cohomology class 
to B. If we consider a different representative for [B], say, i?ttEnd(P) for some 
A; [G] -module P, then we have an algebra map /': k[G] —>■ End(P) realizing the 
A;[G] -action on End(P) and 

gMF) = gMg.F = f{g)hr\gW{g) o F o 
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Since /' is an algebra map, each f'{g) is even with respect to the Z2-grading in- 
duced on End(P) by the action of u. Then for every g,h G G the inverse of 
f{h)U'{9) in 5tiEnd(P) is f{h)-^U'{9)-^- Besides, since 

f{9)f{u) = f{gu)c{g,u) = f{ug)c{u,g)9{c){g,u) = f{u)f{g)0{c){g,u) 

the parity of g with respect to the Z2 -grading induced by c coincides with the parity 
of f{g) with respect to the Z2-grading induced bu the it-action on B and the same 
holds for End(P). 

Since the u-action is strongly inner, B]\End{P) = 50 End(P) as an algebra, 
hence it is central simple and the action is again inner. 

Then, for homogeneous b e B and F G End(P) we have: 

ifigm'ign^'^^mbmif-Hgm'ign^'^^)-') 
= {f{gnngu\'^^')F){r\g)M'{gu\'-^\^)-^ 

= {-l)™^f{g)hf-Hg)M'{9n^'^'') o F o f\gu\<^\^)-^ 

so the map /: k[G] i?ttEnd(P) given by g f{g)M'{9'u^^^'') reaUzes the G- 
action. Then 

R9)m = {{f{gnr{gn\^\^)){fmr{hu\^\^)) 

= f{gh)c{g,h)U'igu\<^^^)f'ihuW^) 
= f{gh)M'{ghu\3\'^^\''\^)c{g,h) 
= f{9h)c{g,h). 

Thus, the cohomology class of c does not depend on the choice of the representative 
of [B] and we have a well-defined map BM{k, k[G],Ru) -> H^{G, k). 

Let [B] and [C] G BM{k,k[G\,Ru) with maps / and s inducing the action 
and with corresponding cocycles d and e. We wish to relate the cohomology class 
corresponding to B'^C with J and e. 

The degree of f{g) (resp. s{g)) in B (resp. C) for the grading induced by the 
u-action coincides with the degree of g induced by the cocycle d (resp. e) through 
the map 0. It is not hard to verify that 
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Let b £ B, c C he homogeneous. Then 

ifig)fiup^Hg)s{u)\3\^)x 

(6tic)((-l)lsUl3U/-i(^x)lfl^/-i(5)tts-i(tx)l^'l'^s-Hff)) 
= {-l)\b\d\9\e+\g\d\9U^fl^g^f(^u)\3\-bf,s{g)s{u)\9\'ic)x 

ifig)f{u)^'^^bf-\u)\s\^f-\g)Msiu)^'^'cs-\u)\s\^s-Hg)) 

= U{g)br\g)Hg)cs~\g)) 
= g-Hg-c 

hence the map /: k[G] B^C given by f{g) = if{g)fiu)\9\-^s{g)s{u)\9\'i) real- 
izes the G-action on B]\C. The computation 

f{g)f{h) =(/(5)/(n)l^'l^tJs(5)K«)l^l'^)(/W/(n)l'^liK/i)s(^)l'^l'^ 

= hMgh)s{u)\a''^^e{g, h) 

= id^e)ig,h)f{gh) 

shows that the assignment Q:BM{k, k[G\,Ru) H^{G, k) defined by [B] ^ d 
is a group morphism. The construction of A'^ in the proof of Proposition l2.7l shows 
that C is surjective. The kernel of the morphism C, contains Br{k) because every 
central simple algebra with trivial G-action represents an element in the kernel of 
C- Let [B] € Ker((^). Then B is central simple, with strongly inner G-action. Let 
us consider the algebra B°^^^, which is isomorphic to B°p as an algebra, and with 
trivial G-action. Then, as algebras, 

B^BZ^ = B® BZ^ ^B(^B°P^ End(S). 

Besides, if / is the algebra map realizing the G-action on B, then g (^tt^') = 
(/(5)til)(6tj6')(/(5)"^tJl) so B'iB^i^ is a matrix algebra with strongly inner k[G]- 
action. Thus, [B] = = [Btriv] can be represented by a central simple 

algebra with trivial action and Ker(C) = Br{k). The last statement follows from 
Corollary O □ 

Theorem 2.10 IfG = U x G/U there is a short exact sequence 

1 — > Br{k) — > BM{k, k[G],Ru) — > Q{k, G) — > 1 
where Q{k,G) is the group with underlying set 

Hf{G,k ) xZ2 = H^{G/U,k-) x Hom(G/C/,Z2) x k-/{kf x Z2 



20 



and with multiplication rule 




Proof: By Proposition I2.8l each class of BM{k, k[G], Ry) is represented by some 
product BtjC(l)" with B central simple and a G {0, 1}. As in the previous case 
we may associate a cohomology class of G to each class represented by a central 
simple algebra. Let us define the map 



where as is the cohomology class associated with B. This is a well-defined map 
because the cohomology class, centrality and simplicity of an algebra do not de- 
pend on the choice of the representative. 

The map ^ is a group morphism. Indeed, if two classes and are represented 
by a central simple algebra then the image lies in H^{G, k ) x 1 and the proof is 
as m Theorem 1221 If we have B and C[jC(l), with B and G central simple then 
B'^G]\G{1) is not central simple. Then 

cmG^G{i)]) = {wb^c, -1) = (^bb^c, -1) = amcmcii)]) 

follows as in Theorem 12.91 If we are given B]^G{1) and CUC(l) with B and G 
central simple, then A := SJjC(l)ttCttC(l) ^ B^G^G{l)f,G{l) is central sim- 
ple by 128. Theorem V.3.9]. If / is the map realizing the action on -BJjC then 
/(u)ji(x(jy) with x,y homogeneous generators of C(l) realizes the u-action on 
A, while /(g)ttl realizes the (^-action on A for every g G G/U. Therefore if 
mc = {(^G/u,X,a) then aA = {<JG/u,X,-a)- Hence CmG{l)][G^G{l)]) = 
C([-BtlC(l)])C([CtjC(l)]) and C is a group morphism. As is Theorem l2!9l it is not 
hard to show that Ker(C) = Br{k). Let {a, (-1)^) € Q{k,G). Then A^^Gilf 
represents an element in BM{k,k[G], Ru) whose image under C, is (a, (— 1)*^). 
Hence C, is bijective and we have the first statement. The second statement follows 
from CoroUarv 12.41 □ 

Remark 2.11 If G ^ C/ x G/U then BM{k,k[G], Ru) can also be given as a 
central extension of Br{k) with agroup isomorphic to H'^{G/U, k') x H'^{U, k') x 
Hom(G, Z2) as a set and with multiplication rule 

(ov, ^G/U^ X)^{W, WT/u, X) = (cru *uJu, cfg/u *^g/U * Cx,x'' XX ) (2-V) 
where c^,^, (5, /i) := (-l)x(9)x'W. 



C:BMik,k[G],Ru) 

mem 



^Q{k,G) 
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In Section|5]we shall compare the result in this and the following sections with 
classical exact sequences involving Brauer goups and groups of Galois objects. 

It follows from [18 Theorem 5.1, Theorem 5.2, Corollary 6.2] that all semi- 
simple and cosemi-simple triangular Hopf algebras over an algebraically closed 
field are Drinfeld twists of group algebras with i? = 1 (g) 1 or i? = i?„ for some 
central element u of order 2 in G. This enables us to state the following theorem. 

Theorem 2.12 Let {H, R) be a semi-simple and cosemi-simple triangular Hopf 
algebra over k = k. Then 

BMik, H,R) = \ llf^^ f ) ifu^l,G^U. G/U; 

^ ' [H^{G,k) otherwise 

where G and U = (u) are the group data corresponding to H. 



2.3 The multiplication rules 

So far we have described BM{k, k[G],Ru) with n 7^ 1 as a central extension of 
the classical Brauer group Br{k) of the base field k. Our next aim is the explicit 
description of the multiplication rules for BM{k,k[G],Ru)■ 
^e, shall deal with the cases G^C/xG/[/andG = C/xG/[/ separately. 

• Let G U 'X G/U. In this case each element in BM{k,k[G],Ru) can 
be written as a product of a central simple algebra with trivial G-action and 
an algebra of the form . We will first describe how to do so. Let [A\ € 
BM{k,k[G],Ru), let C be as in Theorem l2!9l and let ({[A]) = a. Then 
{Af^\ G Ker(C) = Br(k) and we can represent {A^\ by {A^)triv 
with the same underlying algebra and trivial G-action. Therefore, \A\ = 
[(AjJ^d'^jtHD] [^'^l and we need only to describe the classical Brauer group 
class of {^A%A''\.riv We recall that A" is a matrix algebra and it is graded 
central simple, so the same holds for its graded opposite. Let us observe 
that if conjugation by induces the n-action on A" , then the u-action on 
its graded opposite can again be induced by /„, and = (t(u, u) in both 
cases. If C7(ti, u) is a square, i.e., if the [/-action is strongly inner, then 
A^A" = A® A'^ %o the Brauer group class of this element is the class of A. 
If a"(u, n) is not a square l28l Theorem IV.3.8 part (4)] for D = F implies 
that A" is isomorphic to the tensor product of a matrix algebra with trivial 
Z2-grading and the quaternion algebra ( ~°"(^'")'^ ^ generated by odd x and y 
subject to the relations = —a{u, u), = I and xy + yx = 0. The graded 
opposite A" is thus isomorphic to the tensor product of a matrix algebra with 
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trivial Z2-grading and the quaternion algebra ( "^^"'^^'^"^ ), generated by odd 
X and y subject to the relations = a{u, u), = —1 and xy + yx = 0. 
When we refer to an algebra B with trivial G-action, we shall denote it by 

Btriv ■ 

Summarizing we have: 

[A] 



2 



Next we would like to determine the product of these elements. The only 
case needing an analysis is the product [j4'^][A'^]. We have: 

[A'^^A'^] = [{A^^A'^U ''*^^T^'~^ ))triv] [A^h 

where for the last two equalities we have used the computations in l28l 
Lemma V.3.2]. 

• Let G ^ [/ X G/U. In this case, if [A] G BM{k, k[G],Ru) then either A 
is a central simple algebra, and it can be treated as in the previous case, or 
A = -BttC(l), with B central simple and trivial G/[/-action on C(l). In 
this case we also have [^jlC(-l)] = [B^C{1)^C{-1)] = [B]. Let A be not 
central simple and let ( be as in Theorem 12. 101 Then C([^]) = (o", — 1) for 
some a and an argument similar to the one in the previous case applied to 
^ttC(-l) gives [A] = [{A^C{-m^^^))triv]m[C{l)]. The multi- 
plication rules follow from those in the previous case once we understand the 
product for [C(1)][C(1)] = [C(l)tJC(l)]. The cocycle cr associated with this 
element can be chosen to be trivial everywhere except from a{u, u) = — 1. 
Then we have 



[C(l)ttC(l)] 



1,1\ /-1,-1 



k ' \ ^ I ' triv 



The reader is invited to compare these rules with those in l28l Theorem 
V.3.9], being alert that not all representatives in this paper have been cho- 
sen as in |28|. For instance, the computation of the square of the triple in 
ll28l corresponding to C(l) yields {^)triv^{^)- The first term is a matrix 
algebra with trivial action while the second term Ues in the same class as our 
A''. 
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3 The Brauer group of {k[G] k AV, Ru) 



Let (H,R) = {k[G] x /\V,Ru) be as in Section IlTI Let us denote by p{g) the 
matrix performing the action of the element g by conjugation on V . Let ui, . . . , v„ 
denote a basis for V. We choose to write g.Vi = ^ p{g)jiVj so that p is a group 
morphism. 

The triangular Hopf subalgebra {k[G], Ru) is also a quotient of H. The cor- 
responding inclusion and projection maps l and vr are both quasitriangular. There- 
fore, the pull-back l* along t induces a surjective and split map BM{k, H, Ru) 
BM{k, k[G], Ru) which we still denote by i*. Since the Brauer group of a trian- 
gular Hopf algebra is abehan, BM{k, H, Ru) ^ BM{k, k[G],Ru) x Ker(t*). We 
shall devote the rest of this Section to the computation of Ker(t*). 

The Hopf subalgebra generated by u and by the (n, l)-primitive elements in V 
is isomorphic, as a triangular Hopf algebra, to the Hopf algebra E{n) in Example 
II .31 with i?-matrix Ru = Rq. The corresponding inclusion map ze is a quasitrian- 
gular map and the pull-back along i e defines a group morphism BM{k, H,Ru) 
BM{k,E{n),Ru) which we shall denote by i*^. The group BM{k, E{n), Ru) 
has been computed in (TTi through an analysis of the kernel of the split group 
epimorphism j*: BM{k, E{n),Ru) BW{k) induced by the restriction of the 
£^(n)-action to a [/-action. One has an isomorphism x:Ker(j*) S'^{V*) so 
BM{k,E{n),Ru) = BW{k) x S'^{V*). 

The restriction of the morphism i*^ to Ker(i*) has image in the Kernel of j* 
because [A] G Ker(i*) if and only if A is an endomorphism algebra with strongly 
inner G-action and [B] G Ker(j*) if and only if B is an endomorphism algebra 
with strongly inner [/-action. Thus we have the following commutative diagram. 

l^Ker(i*) > BM{k,H,Ru) -^-^ BM{k,k[G], Ru) ^ 1 



1 ^ Ker(j*) > BM{k,E{n),Ru) — — > BW{k) 1 



S^V*) 

We shall denote the composition x ° '>'*e- Ker(/,*) S'^{V*) by 5. 

Let us recall how the map x:Ker(j*) S'^{V*) was defined in |Tll. If A 
represents an element in Ker(j*), it is an endomorphism algebra. The £'(n)-action 
is thus inner and the [/-action is strongly inner. The subalgebra of A generated 
by the images of E{n) under a map / realizing the action, satisfies the relations 
f{h)f{l) = ^ /(/i(i)/(i-))c(/i(2)) ^(2)) forsome2-cocycle c. We can make sure that 
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c is lazy. The map associating a lazy c to [A] is well-defined up to (lazy) cobound- 
aries. We can always find a privileged representative a of the lazy cohomology 
class of c such that a{u,u) = 1, a{u,Vi) = a{vi,u) = and a{vi,Vj) = Sjj is 
a symmetric matrix. In this fashion, a determines an element S in S'^{V*). It is 
shown in ATI that x is a group isomorphism. 

If [A] € Ker(t*) the ff-action on yl is inner. If / denotes the realizing map 
f:H ^ A, centrality of A implies that f{h)f{l) = E /(^(i)^(i))'7(^(2) , ^(2)) 
for some right 2-cocycle a. In particular, the restriction of a to k[G] (E> k[G] is a 
coboundary. 

Lemma 3.1 Let [A] G Ker(i*). We can always find a map realizing the action 
so that its restriction to k[G\ is an algebra morphism and for the corresponding 
cocycle a there holds a{g,hv) = a{hv,g) = for every g,h ^ G and every 

Proof: Let us choose / so that its restriction to E{n) gives the privileged cocycle 
chosen in [1 1 1. Let us denote the corresponding cocycle on H hy uj. The restriction 
of Lo to k[G] (8) k[G] is a coboundary 5(7). Let us extend 7 trivially outside k[G]. 
Replacing / by / * 7^-^ changes uj into oj'^ = (7^^ o m) * w * (7 (g) 7) and by 
construction uj'^{g, h) = 1 for every g,h £ G. For g = h = u this shows that 
7(u) = ±1. The cocycle uj^ satisfies: 

uj'^{u,u) = 1; uj"'{u,Vi) = oj'^{vi,u) = 0; lo'^ {u°'Vi,u^Vj) = uj{u"'Vi,u'^Vj). 

If /*7^^ does not satisfy the second condition, we replace /*7^^ by / = /*7^ * 
fi with fi:H ^ k given by fi = e + Y,i ^'^{q, Vi){gvi)*. Then f{g)f{v) = f{gv) 
and the new cocycle a is such that a{g, v) = for every g £ G and v £ V. 
Since p, = s on k[G] the restriction of / to k[G] coincides with / * 7^^ which is 
an algebra morphism. Besides, we have f{v)f{u) = f{vu), as it was for / and 
for / * 7~^ because uj{u,Vi) = 0. The right cocycle condition gives, for every 
g,h G G and every v gV: 

a{g, hv)a{h, 1) + a{g, hu)a{h, v) = a{g, h)a{gh, v) 

hence a{g, hv) = 0. It follows that for every h,g £ G, 

f{h)f{v.i)f{g) =f_{hv,)f{g) 

= f_{hvig)a{h,g) +_f{hug)a{hvi,g) 

= f{hgg'^Vig)_+ f{hug)(T{hvi,g) 

= T.P{9~^)jif{^9Vj) + f{hug)a{hvi,g) 

= Y.P{9~^)jifi'^9)f{vj) + f{hug)a{hvi,g). 
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We observe that / (v) and / (n) skew-commute because u and v do so. Hence, the 
first term skew-commutes with / {u) and so does each summand in the last term of 
the chain of equahties, except from f{hug)a{hvi,g), which must be zero. Since 
f{hug) is invertible, a{hvi,g) = and we have the statement. □ 

Let us observe that the above Lemma is a generalization of the procedure flU 
Lemma 3.3]. In particular, it is compatible with the choice of the realizing map 
used for the construction of x because the applied modifications do not change the 
value of the cocycle on the pairs {vi, vj). 

Lemma 3.2 The group morphism 5 is injective. 

Proof: Since 5 = x° 'i*E ^'^'l X is injective, Ker((5) = Ker(t*) n Ker(i|;). Hence, 
if A represents an element in Ker(5) and / is a realizing map for the action on A, 
we may always choose / so that its restriction to k[G] is an algebra morphism and 
such that a{u, Vi) = cj{vi,u) = for every i. Since [A\ E Ker(z^), the restriction 
of fj to E{n) X E{n) is aright coboundary /iom* (/^~^ (8>//~^) for some cochain ^. 
Since (t{u, n) = 1 we have ^{u) = ±1. We can always make sure that /i(n) = 1. 
Indeed, if ^{u) = —1, we can replace ^ with ^ * (1* — u*). This is possible 
because 1* — n* is a lazy cochain and an algebra morphism and, by |3| Lemma 
1.6], * (1* - u*)))-^ = {d{n))-^. Let us extend ^lhy e outside E{n). If 
we replace f by f = f * fi, the new realizing map / is an algebra morphism when 
restricted to both k[G] and E{n). To the cocycle o"'^ we can apply the procedure 
used in Lemma ITTI to obtain (j'^{g, hv) = a'^{gv, h) = 0. Such a procedure can 
be iterated for increasing / = |P| using 7/ := e + '^ZgeG \P\=i ''"'"^(S'; vp){gvp)*. 
At each step we do not modify the realizing map on the part of the filtration of 
H given by ®j<tk[G] x /\*V corresponding to t < /. Therefore the ^-th step 
ensures that a{g,hvp) = for \P\ < I. Iterating it up to / = n ensures that 
there exists a realizing map / for which a{hvi,g) = and f{gvp) = f{g) f{vp) 
for every g,h G G, every i and every P. Besides, the restriction of such an / to 
k[G] and E{n) is still a morphism thus / is defined on H exactly by f{gvp) = 
/(5)/(^Pi) ■ ■ ■ /(%)• Since the defining algebra relations of H are either those in 
E{n), those in k[G] or those determined by vig = g{g^^Vig) = p{g^^)jigvj, 
all of them are preserved by / because 

fivi)fig) = f{v,g) = Y,p{g-'hf{gVj) = J2p(.9-'hf(.9)f(.v,) 
j j 

where for the first equality we have used that a{vi,g) = 0. Therefore / is an 
algebra morphism, j4 is a matrix algebra with strongly inner ff-action, [A] = 1 
and 6 is injective. □ 
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Lemma 3.3 The Kernel of l* is isomorphic to S'^iV*)^, i.e., to the group of 
symmetric matrices that are G-invariant with respect to the right action Ti.g = 
PigY^Pig) for every g £ G. 

Proof: Let S be the symmetric matrix with coefficients a{vi,Vj) determined as in 
lim and let / be chosen as in Lemma ITTI so that g.f{vi) = f (g) f (vi) f {g)~^ = 
figvig"^) = f{g-Vi). Then for every g G G and i,j € {1, . . . ,n} 

= f{g){f{viVj + VjVi))f{g)~^ 

= f{g){f{v,)f{v,) + f{vj)f{v,) - 2S,,)/(5)-i 
= {g.f{v^)){g.f{vj)) + {g.f{v,)){g.f{vi)) - 2S,,- 
= {f{g.Vi)){f{g.Vj)) + ifig.vj))ifig.vi)) - 2Eij 
= f{g-iviVj + VjVi)) + 2a{g.Vi,g.Vj) - 2T,ij 
= 2{p{gY^p{g))ij - 2S,,- 

hence S e S'^{V*)'~^. Conversely, ifE € 5^(1/*)*^, let us consider a;^ :=ro*r_s 
where tq and r_s are as in Example 1 1.31 By ||3] Example 1.4], ujy, is a lazy cocycle 
for E{n). We have, with notation as in Example ll .31 

= X1(-1)^^^^ signir])i^P^ri{F))iivpT ® (vfT 

P F,|F| = |P|,r,G5|p| 

+ iuvp)* {vfY + (-l)l^l(vp)* O {uvfT + (-l)l^l(nvp)* {uvf)*)- 
By direct computation 

iOj:{u%p,u''+^VQ) = {-lf''\u;j,{vp,u'^VQ) (3.1) 



^^j:{vp,vq) 



if|P|/[Q| 

(-l)('2')detpQ(E) if|P| = |Q| 

where detpg denotes the minor corresponding to the rows indexed by elements 
in P and columns indexed by the elements in Q. A straightforward computation 
shows that 

and G-invariance of S implies that ujY,{g.a, g.b) = LO^{a, h) for every a, 6 € E{n). 
Thus, ujy. is a G-invariant lazy cocycle on k[U] x /\V = E{n) with uJY.{vi, Vj) = 
Sjj. Let us define: 

X{gv,hw) := u!^{h~^ .VjW) yv,wGAE{n),g,h£G. (3.2) 
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Then A is well-defined thanks to (I3.lt . it coincides with ujy, on E{n) ® E{n), 
and it is a 2-cocycle on k[G] tx AV^. Indeed, for every a, 6, c G f\V, g, h,l ^ G v/e 
have: 

E ^((5'a){i) > (^^)(i)) -^((5a)(2) (/i&){2) , ^c) 

= E'^s(/i""^-a(i),&(i))'^E(^""^-((/i""^-a(2))^(2)),c) 
= E'^s(^~^-«(i)) ^(i))'^s((^""^-«(2))^(2), ^-c) 

= ^u}j:{l-^\i),c^i))u}j:{l-^.{h-^.a),{l-^.b^2))c{2)) 

= E ^(^(1), ^i))A(a, W(r^6(2))c(2)) 

= E /c(i))A(a, hh(2)lc(2)) 

= E (/c)(i))A(5a, (/ifo)(2)(^c)(2)) 

hence, since \{\,hw) = u}y,{^,w) = £{w) = ojy,{wA) = A(t(;,l), A is a 2- 
cocycle for k[G] x /\V. Besides, A is lazy because for every a, 6 G f\V, g,h G G 
we have: 

A((5a)(i), (/i6)(i))(fi'a)(2)(/i&)(2) = E &(i))5'/i(^"^-a(2))&(2) 

= E '^S (/l"^ -0(2) , ^(2) -0(1) )&(l) 

= E A(a(2), ^^(2))5'/i(/i"^-a(i))&(i) 
= E A ( (ffa) (2) , (^f*) (2) ) (ga) (1) (1) • 



If we construct a (A;[G] x A^, i?„)-Azumaya algebra A'^ associated to A as in fTTI 
Lemma 4.8], then the G-action is strongly inner because X{g, h) = 1 for every 
g,h eG, so [A^] £ Ker(i*). The restriction of A to {k[U] x AF)*^^ is a 2-cocycle 
with X{u,u) = 1, X{u,Vi) = X{vi,u) = and X{vi,Vj) = ujT,{vi,Vj) = T,ij (that 
is, its restriction to E{n) is lazy cohomologous to the privileged a with a{vi,Vj) = 
T^ij in 111 I). Hence (5(Ker(t*)) = S'^{V*)'-^ and we have the statement. □ 

Remark 3.4 The reader is invited to compare formula (13. 2t with |[T6l Formula 
(4.20)]) where a different language for an analogous construction is used. 

Combining all results in this Section we have the following theorems. 

Theorem 3.5 Let {k[G] x A^, Ru) be a modified supergroup algebra. Then 

BM{k,k[G] X AV,Ru) = BM{k,k[G],Ru) x S^{V*f. 

Theorem 3.6 Let {H, R) be a finite-dimensional triangular Hopf algebra over 
k = k with char(A;) = 0. Then 

nM(h n T^\- I H^{G,k) x Z2 x S^{V*f ifu^landG^U x G/U 
^ ' '^^ - I ^2(c,^^.) X s\V*)^ otherwise 

where G, u, U = (u), V are the corresponding data for (H, R). 
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The multiplication rules in Section |231 together with the relation = 
j^cr*a;j ^Qj. representatives a and uj of elements in H'j^{E{n)), provide the mul- 
tiplication rules for BM{k,k[G\ x ^V,Ru). In this case, if (5([A'^]) = S and 
sllA^]) = n then 6{[A''*'^]) = S + 17. 

4 Brauer groups and lazy cohomology 

In this Section we shall apply some arguments similar to those in fTF| in order to 
compute H1{H) for H = k[G] ix AV. We shall avoid the language of Yetter- 
Drinfeld modules. Indeed, in this particular case not so much ado is needed be- 
cause AV and E{n) are not too different from each other. When V = we have 
H = k[G] and lazy cohomology coincides with usual group cohomology. We shall 
assume that V ^ 0. 

Let (7 be a 2-cocycle for H. Then its restrictions aE and to E{n)®'^ and 
to A;[G]'^^, respectively, are both 2-cocycles. If a is lazy then aE is lazy. If a is 
a coboundary then aE will be a coboundary, too. If o" is a lazy 2-cocycle for H, 
then the lazy condition applied to g and hv (respectively, hv and g) shows that 
aG{g,hu) = aG{g,h) and aG{hu,g) = aG{h,g) for every g,h e G. There- 
fore aG is doubly J7-invariant and it determines a cocycle aG/u for G/U. Be- 
sides, if o" is a lazy coboundary, then a = 9(7) for some 7 with ad(7) = id. 
Then ad{'-f){gv) = gv implies that jigu) = 7(5), so aG/u ^ coboundary 
for G/U. Thus, the assignment a i—>- {aE,(^G/u) induces a group morphism 
Biies: Hl{H) Hl{E{n)) x H^{G/U,C-). The rest of this section will be 
devoted to the analysis of this morphism. 

Lemma 4.1 The morphism Bires is injective. 

Proof: For every lazy 2-cocycle a for H we consider the bicleft extension k'^fjH 
with cleaving map /. We shall show that if a represents an element in Ker(Bires), 
then we may replace / with an algebra map. This will imply that it is a coboundary. 
Then we shall show that we can choose it to be a lazy coboundary. Since aG/u is 
a coboundary 5(7), the cochain which is trivial outside k[G] and defined by ^ir 
on k[G\, with vr the natural projection on G/U, is lazy. Hence we might as well 
replace a by (7('>''^) = ((771)^^ (8) (77r)~^) * a * {jtt) o m without changing its 
restriction cr^; to E{n)®'^. Therefore we may always assume that the restriction of a 
to G is trivial so that the restriction of the cleaving map / to A; [G] is an algebra map. 
Besides aE = d{fi) for some lazy cochain /i. Let us observe that, in particular, 
fi{u) = 1. If we extend fi to H by fi{gvp) = e{gvp) if g G G, g ^ U, then fi is 
lazy for H. If we replace aby a^^ = (g) *(T*/iom we have aG = s®£ 
and aE = e®e. Hence, we may always assume that the restrictions of the cleaving 
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map / to k[G] and to E{n) are algebra maps. Arguments similar to those used to 
prove Lemma IT^ show that a is cohomologous to a 2-cocycle for which / is an 
algebra map, i.e., a £ Z'l{H) n B'^{H). By Lemma fT31 a = 9(7) with 7 either 
lazy or ad(7) equal to conjugation by u. In the latter case, the proof of Lemma fT3] 
shows that ad(7) = ad(C) for some C, trivial outside k[G\. Therefore 7oC^i is lazy 
and a is lazy cohomologous to 5(C)- By hypothesis Bires(CT) = Bires(5(C)) = 1 
so the restriction of 9(C) to G is a coboundary for G/U. Thus, we may choose C 
to be U -invariant on G. This implies that C is lazy for H, whence the statement. □ 

Remark 4.2 We could also replace Bires by a morphism H'j^{H) — > S'^iV*)'^ x 
Infl(ff^(G/C/, k')). The Kernel of this morphism would be isomorphic to K{H). 
This should explain why K{H) = Ker(Infl) (see Section im . 

Lemma 4.3 The image o/Bires is S^{V*)^ x H^{G/U, k). 

Proof: The subgroup 1 x H^{G/U, k) of S'^{V*) x H^{G/U, k) is contained in 
Im(Bires). Indeed, any cocycle a on G/U can be extended to a lazy cocycle on H 
by: a{gvp,hvQ) := lnR{a){g, h)6p^g,dQ^Q. 

Besides, it follows from the construction of the cocycle A in the proof of 
Lemma O that the subgroup S^{V*)'^ x 1 of S'^{V*) x H'^{G/U,k) is also 
contained in Im(Bires). On the other hand, if a is a lazy cocycle for H then aE 
is lazy cohomologous to a 2-cocycle c with c{vi,Vj) symmetric. If 7 is the E{n)- 
lazy cochain for which = c, then 7(ii) = 1 and we may extend 7 on if to a 
lazy cochain by 7(51) = 1 for every g £ G and 7(t) = if t ^ k[G] U E{n). 
Replacing a by we obtain a{vi,Vj) = Sjj with S symmetric. The lazyness 
condition on g and hv {hv and g, respectively) shows that we necessarily have 
a{g, hvi) = = a{hvi,g) for every g,h £ G and for every i and a computa- 
tion similar to the one in the proof of Lemma l331 applied to k'i^rjH shows that 
S G S^{V*f. Thus 

S\V*f X 1 c Im(Bires) C S\V*f x H\G/U, k). (4.1) 

The above inclusions yield the statement. □ 
We have proved the following Theorem. 

Theorem 4.4 Let H = k[G] x ^V. Then Hl{H) ^ S'^{V*)^ x H'^{G/U, k). 
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Remark 4.5 Combining the approach in (TEi with the above description it should 
be possible to compute the lazy cohomology group for Radford biproducts, at least 
when the acting Hopf algebra is cocommutative. This is the subject of a joint 
forthcoming paper. 

The computations above show that, even if there is a relation between lazy 
cohomology and the Brauer group BM, in general lazy cohomology is not a direct 
summand of BM, nor always a quotient of it. In fact, even when G = Z2 and 
V = 0, Hl{k[G]) is not a subgroup of BM{k,k[G], Ru) = BW{k), nor of 
BQ{k,k[G]) = BD{k,k[Z2]), computed in |17|. On the other hand, the linear 
summand of lazy cohomology is always a direct summand of the Brauer group. 

5 Comparison with well-known exact sequences 

In this Section we compare our results with some known exact sequences involving 
Brauer groups and groups of Galois objects. This comparison involves lenghty but 
not enlightening computations, so we will skip the details whenever possible. 

Let for the moment G be a finite abelian group. If k has enough roots of unity 
then G^G* and 

BM{k, k[G],R) ^ BC{k, k[G]*,R) ^ BG{k, k[G*],R) ^ BR{k, G*), 

where Bf>{k, G*) denotes the Brauer group of G*-graded Azumaya algebras as in 
['14 1, 1 15 1 and |26|. The first isomorphism is induced by the usual duality functor 
and the last one depends on the fact that a G*-comodule algebra A a G* -graded by 

X = EvGG* ^ ExeG* = ^ if P(^) = ExGG- ^x^X and viceversa. 
In II14I . fl31 an exact sequence 

1 — > Br{k) — > BR{k,G) -^-^ Galz/j(A;,G) 

where GalzR{k,G) is a suitable group of G-graded Galois objects is described. 
The rightmost arrow is surjective when k is nice enough (e.g., when /c is a field, 
which is our case). In ll3Tl a cohomological interpretation of the group of equiv- 
alence classes of Galois extensions with normal basis is given. In our terms, the 
map Bji{k, G*) — > GalzR(A;, G*) associates to the class [A] the equivalence class 
of the centralizer, in a suitable representative A, of the G-invariant subalgebra of 
A. The representative has to be chosen G* -fully graded, in the terminology of 
III5I . We are concerned with the images of our classes [A'^] and [G(l)]. It is not 
hard to verify that A"^ is fully graded and that 7r([A'^]) is the class of the twisted 
group algebra k(j[G] with associated cocycle a, i.e., the subalgebra generated by 
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fh = f{h) with /i G G. Since p{fh) = Y^geG a{g,g-^) fa °fh° fg-^ 9*, a direct 
computation shows that fh has degree Xh where Xhid) = o'{g, h)a~^{h, g). By 
lITSi Page 311] the right G*-action on this representative of 7r([^'^]) is given by 
{fh ^X) = x{h)Ru(.X,Xh)fh = x{n)\''\-fh- 

When R = RuandG^Ux G/U the class [C(l)] is an element in Bnik, G*). 
Its representative C(l) is not fully graded because {G/U)* acts trivially on it. Once 
we replace C(l) by C(l)t|End(A:[G*]) we see that 7r([C(l)]) is the isomorphism 
class of k[G*] ^ k[U*] ® k[{G/U)*] with the usual Zs-action on k[U*] ^ C(l) 
and the regular (G/f7)*-action on k[{G/U)*]. The grading of k[U*] is the non- 
trivial Z2-grading while k[{G/U)*] is trivially graded. 

The exact sequence in flSl has been generalized in |2l to the case of commu- 
tative cocommutative Hopf algebras with trivial /^-matrices and in ll37l to commu- 
tative cocommutative Hopf algebras with R a bipairing on H* (g) H* . The most 
general case is dealt with in [40| where an exact sequence 

1 — > Br{k) — > BC{k,H,R) Gal{nR) (5.1) 

is constructed for {H, R) a dual quasitriangular Hopf algebra. Here Hr is the 
braided Hopf algebra of [30 Theorem 7.4.1] and Ga.l{HR) is a group of quantum 
commutative biGalois objects for {Hr)*. In [13] it is shown that Ga.l{HR) is 
invariant under cocycle twist. The sequence (I5.lt has relevant theoretical meaning 
but Gal(7^ij) might be very hard to compute. It is possible that the analysis of 
the relations between (I5.lt and our computations in the triangular case will give an 
indication on how to handle BM{k, H, R) in the general quasitriangular case. 

If [H, R) is dual triangular and, for instance, k = k, then {H, R) is the Doi 
twist of ((A;[G] ix /\V)* ,Ru) for some G, V, u. Zhang's sequence becomes: 

1 — > Br{k) — > BM{k,k[G] x AV, Ru) Gal(?^ij). (5-2) 

Here we have used that [^4] ^ [A^^] defines a group isomorphism 

iP:BM{k,k[G] K AV,Ru) BC{k,{k[G] x AV)*,Ru) 

stemming from the monoidal functor 

{V, rt/y, id): {h*M, 0, k, id, id, id) ^ {M^ , (g)""^, k, id, id, id) 

where V is the usual duality functor from the category of left -modules 
to the category of right ff-comodules and denotes the opposite ten- 
sor product. If {H*,R) = {k[G] x AV,Ru), by |30l Theorem 7.4.2] we have 
'H*j^ = k[G] IX A y as an algebra, with the (super cocommutative) Hopf superalge- 
bra structure given on generators by A{g) = g (S) g and A{v) = v®l + l'S>v. We 
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shall denote this Hopf superalgebra by A. An element in Gal('H/j) is determined 
by an ff-Yetter-Drinfeld module structure and an >l-bicomodule structure. The 
unit element in Gal(7^/j) is represented by H*, with actions and coactions defined 
by 1,40, Formulas (3), (6), (11)]. 

The map tt is given as follows. For a class in BC{k, H, Ry) we consider a 
representative A which is Galois. This is always possible by l40l Corollary 4.2]. 
Then, as an algebra, vr([A]) = Ca{Aq), the centralizer of the ff-coinvariants. 
The Yetter-Drinfeld module structure on Ca{Aq) is given by the restrictions of the 
Miyashita-Ulbrich-Van Oystaeyen (MUVO) action ^ (see |6 §2.3]) of H and of 
the i^-coaction p on A. The ^-bicomodule structure on Ca{Aq) is given by pi and 
P2 which are dual to actions -o and <i-. These actions are modifications through 
the i?-matrix d^O. Formulas (3),(6)]) and through p of the if-action 

We aim at the description of the image of the classes [^4°^] when H* = k [G] 
and R= l(^l,Ru and when H* = k[G] x AV and R = Ru, and the image of the 
class [C(l)] when H* = k[G] or H* = k[G] t< AV; R = Ru and G ^ U x G/U. 

Let us first assume that V = 0. Then A = H* = k[G] is a genuine co- 
commutative Hopf algebra with G not necessarily abelian. Its dual k[G]* is the 
span of Vh = h* for h G G with product VhVg = 5h^gVh- The unit element 
in Gal(7^ij) is represented by k[G] with the regular left and right coactions pi 
and p2 for A; A; [G]* -action given by v^-g = Sh,g9 and A;[G]*-coaction given by 

If R = l®l,Ru then the set H^{G,k-) occurs in BM{k,k[G], R). The 
image of [A^] can be computed as follows. The class of A"^ (with product o) 
in BM{k, k[G], R) is mapped by ip to the class of [(74'^)°p]. The coinvariants 
in correspond to the centralizer of the induced subalgebra, that is, of the 

algebra generated by the /^'s in [A'^]. As an algebra, 'kiJj{[A'^]) is the equivalence 
class of the algebra {ka-[G])"^ with product •. The A;[G]*-comodule structure is 
given, for both choices of R, by: 



The MUVO action is, for both choices of R, as follows. If f3 denotes the natural 

map A(g,AoA-^ A® k[G]* and if (1 Vh) = /3(E Fi{h) ®Ao fi{h)), then 



Pifh) = E 



geG 



<y{g,h)a{gh,g ^) 

<y{g,g'^) 



Sgh 



Em)»noih){niih),g) 

E7i^F^^ih).fg-..m.fg 

(Vh fg-l) • fg-l- 
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Thus fg = 5h^g-ifg. 

If R = 1 (E) 1 then the >4^-actions -o and <i- coincide with the ^ action. The 
^-comodule structures are: 

PlUg) = fg'S) g~^; P2{fa)=9~^®fg- 

If R = Ru with u^l then 



Vh -> fq = fg <-Vh 



The >4^-comodule structures are: 



^ fg(S>g ^ if \g\a = 0; (f\ = \9^®fg if|5l<7 = 0; 
''^ ^ fg(^ug-^ if\g\. = l; \ug-^ fg if = 1- 

The assignment fg i— > determines an algebra isomorphism ka-[G]°^ = ^^-'[G] 
with (j'{g,h) = a{h^'^ ,g^^). Therefore we may write: 7r([^°']) = k„i[G\ as an 
algebra, with: comodule structure 

action Vh ^ fg = ^hgf'g\ and ^-comodule structures 

Pl{fg) = f'g®g: P2{f'g)=g®f'g 

if = 1 (g) 1; and 

f'n®g ifbl<7 = 0; {g®f'„ if|5'U = 0; 



Pl{f'g) = { /' If l.t'' - i' P^if'g) 



f'g^ug ifbl<x = l; ^^'^'3^ \ng(i^f', if = 1 



if -R = with ti 7^ 1. In both cases, if k' = {k')"^ then by Lemma 3.6] we 
may choose a in its cohomology class so that a' = cr^^. 

When i? = i?„ and G ^ [/ X G/U, we analyze the image of [G(l)]. If we 
take A = G(l)Pnd(/c[G]*) as a representative of this class in BC{k, k[G]*,Ru), 
its image 7r([yl]) is as follows. Let g ^ fg for g ^ G denote the map realizing the 
(strongly inner) A;[G]-algebra action on End(A;[G]*)°P = r'-i(End(A;[G]*)). 

The algebra 7r([A]) = Ga{Aq) is generated by the elements l^f^ for h G 
G/U and x'^fu- Since the usual isomorphism G(l)Pnd(A;[G]*)°P ^ G(l) ® 
End(A;[G]*)"P maps to x (8> 1, the element x'^fu is central in A. Then, by |6l 
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Lemma 2.3.1 (a)] the MUVO action on it is trivial. Let now Vg = g* e k[G]*. 
Then the A:[G]*-comodule structure is given by: 

h&G/U 

teG 

A computation similar to the case of [A^] shows that (ItJ/g) = ^h,g~^ iHfg) 
for (7 E G/U. An analysis of the structure of the actions -i> and <i- in PHI 
Formulas (3), (6)] on the elements of k[G/U] shows that they both coincide with 
the MUVO-action, while 

Thus, the corresponding comodule maps are 

Pi{xMu) = {xMu) ® u] P2ixUu) = n (g) (xtJ/„); 

Piiufh) = mfh) ® h-'; P2infh) = h-' ® mfh)- 

The assignment xjj/u 1-^ u and l]^fh ^ for h € G/U determines an algebra 
isomorphism 7r-(/'([j4]) — > k[G]. Through this isomorphism 7r^([A]) = k[G] with 
coregular A; [G] -comodule structures pi and p2 and with /c[G]* -comodule structure 
p given by: 

p{u)=u® ^ (vh-Vhu), p{h) = ^ghg'^ ®Vg 
heG/U g&G 

for h G G/U. The ^[G]* -action is given hy Vh ^ g = ^h,g9 forg G G/U and 
Vh ^ u = Si^hU, for every h G G. 

Let us now assume that V ^ 0. Then necessarily R = Ru with n 7^ 1 and 
A = k[G] X Ay is a Hopf superalgebra. 

We are concerned with the image of [A^]. We shall separately deal with the 
cases: cr is lazy, trivial on k[G\, a is any cocycle for G, trivial outside k\G\. In the 
first case A" is isomorphic to End(ir*) as an algebra and 7rV'([^'^]) is the opposite 
of the induced subalgebra of A" , i.e., the algebra generated by the //j's as before, 
for h G H* . Let us denote by o the product in A" and by • its opposite product. 
The //-comodule structure on ii^^A^) is given by 

p'yfh) = f^m ° fail^ ® a* 

aeH* 
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where the expression /~ stands for the convolution inverse of fa- It can be proved 
as in the previous cases that the MUVO action on fg forg£G is given by h* 
fg = Sh g-ifg, for h* £ H dual to h. For the elements with v G V we have, if 

Pin Pila) «) fi{a)) = 1 (g) a* for a* £ H: 

Sa,uv =^Fi{a) • fio{a){fii{a),uv) 
= • (.uv.fi{a)) 

= E F^ia) • Uuv o /.(a) o /-I) + ^ Fiia) . (/,(«) o f'^) 
= E Fi{a) • fu» fi{a) • fuv + Yl Fi{a) • • fi{a) 

= (a* ^ fu) • /md + a* ^ a 

where for the fourth equality we have used the formula for /^^^ in [11" Lemma 
4.8] and for the last equality we have used our knowledge of the MUVO action on 
fg for g £ G. Thus, a* ^ = 6a,uv + Sa,ufv A direct computation using that: 
A (a* ) is a linear combination of elements r* (g) s* with rs = a and that S preserves 
the filtration induced by powers of V shows that for every a € H*, every g £ G, 
and every v £ V: 

a* -> fg = fg <-a* = Sg^i^afg; 

a* -> fv = fv <-a* = Sa,uv + Sa,lfv 

The ^-bicomodule structure is, for g £ G and v £ V: 

Plifg) = fg® 9'^; Pl{fv) = l(S>UV + f^®l; 
P2{fg)=g~^®fg\ P2{fv)=UV®l + l® f^. 

We observe that ■kiIj{[A'^\) is isomorphic, as an algebra, to (/cjjcri?*)"^. The assign- 
ment f\ 1-^ f's~^{h) determines an algebra isomorphism {k'^uH*)"^ — > H* f^/'jik, 
with right cocycle a' given by a'{a,b) = a{S{a), S{b)). Since a is lazy, a' is 
lazy as well. Through this identification, TTip{[A'^]) is k]^a-'H* with Yetter-Drinfeld 
module structure 

p{fh)=Y.a&H* '^"H'5a(3),a{4))/a(2)/Us-i(a(i)) 
O ^ fg ~ ^o-^gfg'^ ^ ^ fuv ~ ^a,uv + ^a,lfuv 

and with ^-bicomodule structure: 

Plif'g) = fg®g\ Plif'uv) = fL®^ + ^®UV] 

P2{fg)=g®f'g; P2{fuv) = uv®i + i®f:,^. 

Let us observe that if a is the privileged cocycle in 1111 corresponding to the sym- 
metric matrix S then a' is the privileged cocycle corresponding to — E, i.e., it 
represents the inverse cohomology class. 
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Let now cr be a cocycle for k[G\ and trivial elsewhere. Since {A^)°^ = 
(End(A;[G]))°P is not Galois, we consider the representative (A'^)°Ppnd(F°P) 
where End(-ff°P) is as in |40 Corollary 4.2]. This corresponds to the representa- 
tive A ^ ((A'^)°Ppnd(F°P))°P of the class [A"] in BM. The usual flip map r de- 
termines an isomorphism A = End(i7°P)°PJJ^'^, and End(i?°P)°P has a strongly 
inner i7*-action. Thus, A = A" (g) End(-ff°P) is a matrix algebra, hence the ac- 
tion is inner. The elements Fh for h G H* realizing the action are subject to 
the relations: Fh ■ Fj, = E -^/i(i)A:(i)<^(^{i), ^(2))- One can show that if fh (re- 
spectively, /^) for h G H* realize the action on A" (respectively, End(ff*)), then 
Fg = fgM'^\g\ag Fy = 1[J/^. The image of [A\ through t:iI> is, as in the previous 
cases, isomorphic as an algebra to the subalgebra generated by the Fh&, with op- 
posite product. The coaction p is the restriction of the coaction to this subalgebra; 
the MUVO action is given by a* ^ Fg = d^^g-iFg and a* ^ F^ = 5a,uv + Sa,uFv 
The ^-bicomodule structure behaves on Fg, for (7 € G, as in the case V = and 
R = Ru, and it behaves on for v £ V, as in the case V ^ and a lazy, trivial 
on k[G]. The assignment Fh 1— > Fs{h) determines an algebra isomorphism from 
7r7/;([A]) k'^cjiH* , where a' , the actions and the coactions are as in the previous 
cases. In particular, if a is lazy, i.e., if it is doubly f/-invariant, then \g\fj = for 
every g £ G and we obtain the same type of formulas that we obtained for a lazy 
and trivial on k[G]. 

IfG ^ U X G/U then we take the representative A = C(l)ttEnd(F°P) of 
the class in BG, with product •. It corresponds in BM, to the representative 
j4°p = (C(l)(jEnd(i?°P))°P which is isomorphic through r, as a module algebra, 
to the algebra B = End(F°P)°PjlC(l) ^ End(i7°P)°P O C(l). Let us denote by 
fh, for h e H* the elements realizing the i7*-action on End(i7°P)°P, with product 
o. It is not hard to verify that Aq = Bq is generated by the elements of the form: 
Fjjl with F commuting with fh for every h € H*, and with F' commuting 
with fg for g G G/U and skew-commuting with /„ and /„. Thus, 7r^([A]) is 
generated by the elements l]\fgvp for g € G/U and in A. The element xjj/^ 
is central in A because it corresponds to the element 1 (g) x through the above 
algebra isomorphisms. By [6 Lemma 2.3.1 (a)], a* (a^tt/u) = Sa,i{x'Afu)- 
As in the case with V = 0, for every g G G/U and every a G H* we have 
a* mfg) = 6a^g-i (Itt/g). The MUVO-action on the elements of the form IfJ/t, 
is slightly more complicated to compute. Let /3(EFj(a) fi{o)) = 1 '8 a*, 
and let fi{a) = l^Si{a) + xtttj(a). A computation similar to the previous cases, 
using that p{x^l) = xjjl ® x with x = J2geG/u(9* ~ (""5)*)' "^^at the f/'*-action is 
strongly inner on the opposite of End(-fr°P), and that if M and are //-comodules 
with pM{m) = J2 "i(o) ^ ^(1) and pN{n) = Yl "-(o) ® "-(i) then pMiN{m^n) = 
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E"^(o)tJ'^(o) gives 

* ^ (itt/.) + E^*(«) • (nfu) • insiia)) . (itt/«.) 

A computation similar to the previous ones shows that 

Sa,u =Y.^ii^) * fio{a){fii(a),u) 

= E^*(a)*(ltt/«)*(ltJs^(a)).(ltt/«) 
- E Fiia) • (ltt/„) • (xHti(a)) . 

so, since (Ift/™) = ltt(/n o fv) = -{Hfu) • {Hfv), we have 

a* ^ iUfv) = Sa,uv + Sa,umfv)- 

The actions -o and <i- are as follows: 

a* ->{xfifu) = 6u,a{xfi,fu) = (xJj/„) o-a*; 

a* ->{nf9) = ^a,g-^{nfu) = (!«/«) <-a*; 

where we used that A (a*) is a linear combination of terms of the form r* (g) s* 
with rs = a; that S(a*) is a linear combination of terms of the form r* with 
r G A;[G] k A*y if a G k[G] x A*^; that if a G k[G] the formulas are as in the case 
of y = 0. Similarly, for elements in V we have: 

a* -> mf,) = 6a,uv + 5a,iinfv) = mfv) <- a*. 

The assignment i-^ u; mfh) '—^ and (ItJA) ^—^ uv determines an 

algebra isomorphism ^: {k[U] (g) {k[G/U] x AT/))°p ^ k[U] «) (A:[G/[/] k AF). 
Then 7rV'([C(l)]) = k[G] \>< A{k^ ® V) with k^ the 1 -dimensional G-module 
corresponding to the character x> generalizing ll40l Theorem 5.7, ii]. The Galois 
object structure is determined by the ff-coaction: 

p{u)=u<S)x; Pigvp) = X] {'^^{2)i9Vp)S'^ia(^i))^ 0a*; 

a&H* 

the -action: 

a* ^ g = Sa,gg; a* ^ u = 6a,iu; 

a* ^ uv = 6a,uv + Sa,uUV; 

for every a* ^ H, g G G/U, and v £ V; and the .A-coactions: 

pi{v) = 1 V + V iS> I, P2{v) = l(^v + V ®1] 

Pi{9)=9®9, P2{g)=9®9, ygeG. 
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6 Example: Weyl groups 



In this Section we shall explicitely compute H'j^{H) and BM {k, H, R) for a par- 
ticular family of modified supergroup algebras. We shall assume that k = C Let <I> 
be an irreducible root system and let W{^) be the corresponding Weyl group. Let 

V = [)* be its (complexified) natural representation (or its dual), obtained extend- 
ing the action on <I> by linearity. Let {ai, . . . an} be a fixed fundamental system of 
simple roots and let si, . . . , s„ be the corresponding reflections generating W{^) 
as a Coxeter group. For further details the reader is referred to 01 and 1221 . 

It is well-known that V is faithful and irreducible ([22 Corollary 5.5, Corollary 
6.2, Proposition 6.3]). By fIT Proposition 6.3, Lemma and Theorem 6.4] the 
non-zero, real, symmetric, -invariant matrices are all equal up to a scalar. 

Since the matrices of the representation corresponding to the basis {ai, ... a„} are 
real, the same property holds for non-zero, complex, symmetric, VF(<I>)-invariant 
matrices and we have S'2(y*)H/(i') ^ c. 

Let wq be the longest element in (|22l Section 1.8]). If <I> is of type Ai, 

Bn, Dn (n even), Ej, Eg, F4, G2 ( 1221 Corollary 3.19]), then wq acts as —1 and we 
shaU put G(<I>) = and u = wq. In this case, by |22l Corollary 3.19] for any 

ordering zi, . . . , i„ of {1, . . . , n} we have u = wq = (sj^ ■ ■ ■ 2 where h is the 
Coxeter number ofW{^) (see |22l Table on page 80]). The presentation of Vl^(<I>) 
(|4l Chapitre 4.1.3, Chapitre VI.4.1 Theoreme 1]) shows that U = {u) is a direct 
summand of if and only if there exists a group morphism x- G{^) k with 
x{u) = —1- This happens exactly when <I> is of type Ai, Bn for n odd, Ej and G2. 

If ^ is of type An (n > 2), Dn (n odd) or Eq, then wq does not act as — 1 
on V. In this case there exists an automorphism '0 of order 2 of the Dynkin 
diagram corresponding to $ such that, if we extend linearly the action of i? on 

V = spanjai, . . . a^}, the composition of the actions of and wq is —1. The 
subgroup Aut($) of GL{V) leaving $ invariant is the semi-direct product of its 
normal subgroup W{^) and the subgroup of automorphisms of the Dynkin dia- 
gram (ED §111.9.2, §111.12.2]). So, when wq ^ -lonV we define as the 
subgroup of Aut(<I>) generated by i9 and W{^). Then G(<I>) is the semi-direct 
product of 1^(<I>) and {'&). The representation V, viewed as a G(<I>) -representation 
is still irreducible and faithful. For if i!}w = '&woWow acted trivially on V then wqw 
would act as —1. Since there is no element in W{^) different from wq mapping 
all positive roots to negative roots, this is possible only when w = 1 and wq acts 
as —1, which is not the case. The structure of G(<I>) is determined by the action 
of 1? on W{^) that is 'd.w = 'dwQWQWWQWo'& = tfo^i^'U^o- In particular, {} and wo 
commute and '&wo is a central involution which we shall denote by u. Since G($) 
is also generated by the normal subgroup W{^) and the central subgroup U = (n), 
we have G($) ^ W{<^) x U. 
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Let H{^) := k[G{^)] x AV with G($), V, u as before. We recall that in the 
Ai case we obtain Sweedler's Hopf algebra H4. By Theorem l4.4l we have: 



Hl{H{^)) ^ H\G{<^)/U,C) X C 



that is 




{W{^)/U,C') X C for Ai;5„,n > 2;L'2m,m > 2; 

andfor £'7;£^8;-Ri;G'2; 
(PF($),C ) X C for^„,n > 2;D2m+i,m> 2;Ee. 



We shall compute these groups explicitely. The Schur multipliers for irre- 
ducible Coxeter groups have been determined in i23J . For the Weyl groups we 
have: 



so we know Hl{H{^)) when wq / -1 on V, i.e., when G($) = W{^) x U. 

Let G(^>) = W{^). If $ = Ai then W{^) = U and we have nothing to 
prove. If ^ is of type Bn for odd n, E-j or G2 then [/ is a direct summand ofW{<^) 
and formula (I2.5t allows us to deduce i/2(^^(^$)/f/ from the knowledge of 
i72(VF($), C ) and the analysis of Hom(VF($)/[/, Z2). In these cases we always 
have Hom(Ty($),Z2)/Hom(PF($)/C/,Z2) = Z2 with Hom(W(^>)/[/, Z2) = 
Z2 for $ = 52m+i; G2 and Yiom{W {Ej)/U,'L2) = 1- 

If <I> is of type Bn for n even, for n even, E^ or F4 then U is not a direct 
summand of G'(<I>) = but sequence (I2.4t yields: 

1 — > Z2 — ^ F2(M^($)/C/,C-) — > H'^{W{^),C ) — > Hom(H^($),Z2). 



Let ^ = B2. The exact sequence (I6.lt becomes: 

1 > Z2 — ^2 — ^ Z2 X Z2. 

We would like to describe the image of 6. Let P denote a lift of a projective 
representation corresponding to a cocycle a and let Tj := -P(si) for every i. Then 
P(t(;o) is a scalar multiple of T1T2T1T2 and centrality of wq ensures that 

P{wQ)Ti = TiP{wo)(7{si,wo)(7~^{wo, Si) = TiP{'Wo)0{a){si,u). 

The relations among the T^'s are described in ll25l Table 7.1]. If o" represents the 
non-trivial class in H'^{W{^),C) we find e{a){si,u) = -1 for i = 1,2. It 
follows that Ker(6l) = Im(Infl) = 1 so H'^{W{'^)/U,C) ^ Z2. 



= < 



'1 for^i;A2; 

Z2 forAn,n>3;B2;Ee;Er,Es;G2; 

Z2XZ2 for B3;Dn,n> 5; F^; 

, Z2 X Z2 X Z2 for Bn, n > A;D4 



(6.1) 
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Let <I> be B2m for m > 2. The exact sequence (I6.lt becomes: 

1 ^ Z2 H\W{B2m)/U,C-) Z2XZ2X Z2 Z2 X Z2. 

As before, we would like to understand the map 6. Let P denote the lift of 
a projective representation corresponding to a cocycle a and let Tj := P{si) 
for every i. Then P(wo) is a scalar multiple of (Ti • • • T2mf"' and we have 
P{wo)Ti = TiP{wo)9{a){si,u). By the relations in |25, Table 7.1] we see that 
9 maps the cocycle corresponding to (a, b, c) with a,b,c G {±1} to the moiphism 
W{^) —>■ Z2 mapping each generator to c. In other words, the only non-trivial el- 
ement in Im(^) is e{w) = (— where £ denotes the length function on a Cox- 
eter group. Hence H^{W{B2m)/U,C)/Z2 = Z2 x Z2. We would like to find out 

whether H'^{W{B2m)/U,C') = I^2xZ2xZ2or H^{W{B2m)/U,C) = ^2X^4. 

As in the proof of [25 Lemma 7.2.8, Lemma 7.2.9] if o" is a cocycle for 
W{B2m)/U and if Ti denotes the image of Si for a projective representation cor- 
responding to a, then the following relations hold, with n = 2m: 

Tf = 1 l<i<n, {TiTi+if = 1 l<i<n-2, 

{TiTjf = a l<i<j + l<n, {TiTnf = b l<i<n-2, 
{Tn^iTnY = c, (TiTg • • • T^^iTs • • • T„)" = A 

where a,b,ce {±1} and A G C . We know that Ti(Ti • • • r„)" = c{Ti ■ ■ ■ TnTTi 
by the previous computation. Since (Ti • • • T„)" and (TiTa • • • T„_iT2 • • • r„)" are 
both lifts of wq, they must differ only by a sign because the relations among the 
Tj's are the Coxeter ones up to a sign. Thus, necessarily c = 1. Besides, since v? = 
wl = lm W{B2m), then for its hft there must hold: (TiTs • • • r„_iT2 • • • T„)2" = 
A^ = ±1. If ip and (j) are two distinct homomorphisms W{B2m) ^ Z2 = {0, 1} 
then a{wU,w'U) = (-1)'?^("')'/'K) is a 2-cocycle on W{B2m)/U corresponding 
to (a, 6, A) = (1,-1,1), as one can check computing a{r,s)a~'^{s,r) as in |25] 
Lemma 7.2.8]. The standard representation for W{B2m) is a projective represen- 
tation for W{B2m)/U corresponding to (a, 6, A) = (1, 1, —1). If we prove that a 
triple (-1, 1, ±1) is also represented, then H'^{W{B2m)/U, C') = ^2 x Z2 x Z2 
because it has four elements of order 2. By l36l §7], up to a different notation, 
the representations corresponding to (a, 6, c) = (—1, 1, 1) are those with Tn = ±1 
and correspond to the projective, nonlinear representations of the symmetric group 
S2m., i-e-> linear representations of its double cover S2m generated by the Sj's and 
— 1. This means that the relations become, with n = 2m: 

Tf = l, l<i<n-l {TiTi+if = l l<i<n-2; r„ = ±1 
{TiTjf = -l, l<i<j + l<n; (TiTa • • • T„_ir2 • • • T^.a)" = A. 

It is well-known that w'^ = (siss • • • s„_iS2'S4 • • • Sn-2)"^ is the longest element of 
W{An-i) = S2m- Since Wq is an involution and since the relations for the Tj's are 
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the Coxeter ones up to a sign we have (T1T3 • • • Tn-iT2Ti ■ ■ • = ±1 and 

the statement. 

Let ^be D4. The exact sequence ( I6.lt becomes: 

1 — > Z2 — ^ H^{W{Di)/U,C') Z2 X Z2 X Z2 — ^ Z2. 

In this case 6* is surjective and it maps (a, 6, c) with a,b,c G {±1} to a6c. There- 
fore H^{W{D4)/U, C')/'^2 = ^2 X Z2. We would like to find out whether 
H'^{W{D4)/U,C') = Z2 X Z2 X Z2 or H^{W{D4^)/U,C') = ^2 x Z4. 

As in the previous case if cr is a cocycle for W{D4)/U and if Tj denotes the 
image of Sj for the lift of a projective representation corresponding to a, then the 
following relations hold: 

T^2 = l l<i<4 {TiT2f = l 

iTiT3f = a {TiTi) = b {T3nf = c, {TiT:,nT2f = X 

where a, 6, c G {±1} and A e C'. Since Ti{TiT^TAT2f = ahc{TiT^TiT2fTi we 
have c = a6. A direct computation using the relations shows that {TiT^T4T2)^ = 
1, hence A = ±1, and H^{W{Di) /U, C) ^ Z2 x Z2 x Z2. Here again, the image 
of the transgression map is achieved by the standard representation of W{Di). 

Let ^ be D2m for m > 3. The exact sequence (I6.lt becomes: 

1 %2 H^{W{D2m)/U,C-) Z2 X Z2 Z2. 

Using the relations in [25' Table 7.1] a direct computation shows that 6 maps (a, 6) 
to 6 so H'^{W{D2m)/U, C )/Z2 = Z2. We shall see that, in analogy with the pre- 
vious cases H'^{W{D2m)/U,C) ^ Z2XZ2. If a is acocycle for T^(D2m)/f/ and 
if ti denotes the image of Si for the lift of a projective representation corresponding 
to a, then the following relations hold, with n = 2m: 

tf = 1 l<i <n; (titi+if = 1 1 <i<n-l; 

{tn-2tnf = 1, {ti.tj)'^ = a 1 <i<j <n, i^l; 

{tn-ltn)^ = b, [h - ■ ■ tn)"'~'^ = A; 

where a, b G {±1} and A G C'. Besides, since ti{ti ■ ■ ■ tn)^~^ = b{ti ■ ■ ■ tn)"'~^ti 
we necessarily have b = 1. By [36 Appendix] all projective representations of 
W{D2m) are restrictions of projective representations of W{B2m) with ti = Ti for 
1 < i < n — 1 and tn = TnT^-iTn. In particular, the representation corresponding 
to (a, b) = (—1, 1) can be built as the restriction of a representation of W{B2m) 
corresponding to {a,b,c) = (—1,1,1). We have seen that such representations 
come from projective representations of S2m by letting T„ = ±1, that is, t„ = 
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tn-1- We will have our statement if we show that for (a, 6) = (—1,1) we can only 
have A = ±1. We have A = {h ■ ■ ■ tnT'^ = (ii • • • t„-2)"~^ It is not hard to 
verify that in 5„_i the element (si • • • s„_2)"^ = 1 so an argument similar to the 
one used in the previous cases shows that A = ±1. 

Let <^h& Fi. The exact sequence (I6.1I) becomes: 



1 — ^ Z2 H^{W{F4)/U,C) Z2 X Z2 — ^ Z2 X Z2. 

The relations in l25l Table 7.1] show that 9 maps the pair (a, b) of Z2 x Z2 to 
(5, b), that is, the only non-trivial element in the image of 6 is, as before, e^w) = 
(-lyM, Hence Im(Infl) ^ Z2 and we have an exact sequence 

1 — > Z2 — > H^{W{F4)/U,C) ^2 — > 1. 

Let X- W{F4) —>■ Z2 = {0, 1} be the morphism mapping si and S2 to 1 and S3 
and S4 to 0. The map c{x,y) = (— l)^(^)^(s^) is a 2-cocycle on W{F4^). Since 
Hom(M^(F4)/C/, C ) = Hom(Ty(F4), C ), the cocycle c is also a cocycle for 
VF(-F4)/C/. Besides, a direct computation using L25. Table 7.1] shows that Infl(c) 
is non-trivial because it corresponds to the pair (—1, 1). Since = 1, the class c 
determines a section Z2 H'^{W{Fi)/U,C) splitting Infl. 

Let ^he Eg. The exact sequence (I6.lt becomes: 

1 — >Z2 H^{W{Es)/U,C) ^2 -^-^ ^2- 



Then 6 [a) = a, that is, the non-trivial element in H'^{W{Es),C') maps to e{w) 
Hence 9 is injective, Infl is trivial and H^{W{E8)/U, C) ^ Z2. 

We have reached the following result: 



C for^i;^2;G2; 

Z2 X C for An, n > 3; B2; B3; ^e; Er, Es; 

Z2 X Z2 x C for B2m+i,m> 2; Dn,n> 5; Fi] 

Z2 X Z2 X Z2 X C for B2m, m>2; D^. 



Next we would like to determine BM (C, H, Ru). By Theorem l3.6l and Proposition 
I2.3l we have: 

r Z2 X F2(1^($),C) X C iovAi-B2m+i]Er,G2 
BM{C,H{^),Ru) ^<Z2X F2(G($),C) X C for A„,n > 2;D2m+i;Ee 
( H^{W{'^),C) X C for B2m; D2m\ Es;F^. 

Let ^ = An,n>2; Dn, n odd, E^. Then G(^>) ^ W{^) x [/ and (|131l yields 

H^{G{^),k ) ^ H^{W{^),k ) X Z2. 



43 



We can conclude with: 



f Z2 X C 
Z2 X Z2 X C 



BM{C,H,Ru) = < 



Z2 X Z2 X Z2 X C 

^ Z2 X Z2 X Z2 X Z2 X 



for Ai-A2]B2;Es- 

for An, n > 3; D2m, m > 3; 

and £^6; £^7; -^4; G2; 

forB3;B2m,"i > 2; 

and for D4; -D2m+i ,m>2; 

fOT B2m+i,m > 2. 
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